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An Efficient Algorithm for Nonlinear Model
Predictive Control of Large-Scale Systems
Part I: Description of the Method

Ein effizienter Algorithmus fiir die nichtlineare pradiktive Regelung groBer Systeme
Teil I: Methodenbeschreibung

Moritz Diehl, Rolf Findeisen, Stefan Schwarzkopf, llknur Uslu, Frank Allgower, Hans Georg Bock, Ernst Dieter Gilles, and
Johannes P. Schloder

The work at hand consists of two parts: In Part | appearing in this issue, we present an effi-
cient state-of-the-art algorithm for online optimization in nonlinear model predictive control
(NMPC), the so called real-time iteration scheme; in Part Il, which will appear in the next
issue, we give an experimental proof-of-concept of the method, by presenting results ob-
tained at a pilot-scale distillation column, where reoptimized controls are delivered every
20 seconds, employing a stiff differential-algebraic optimization model with more than 200
system states. The efficiency of the approach that is based on the direct multiple shooting
method is due to a special initialization technique, the so called initial value embedding,
which enables an optimal transition from one optimization problem to the next one. This
allows to intertwine the optimization iterations with the process development in a way that
only one iteration needs to be performed per sampling time, and the iterates nevertheless
stay close to the respective optimal nonlinear solutions. A main advantage of the algorithm
lies in the fact that nonlinear first principle system models — which are often developed any-
way for process analysis and design — can be reused in a straightforward way for control
purposes, even if they are large-scale.

Die vorliegende Arbeit besteht aus zwei Teilen: Im ersten Teil wird ein effizienter Algorithmus
fir die Echtzeit-Optimierung in der nichtlinearen pradiktiven Regelung (NMPC) vorgestellt,
das so genannte Echtzeit-Iterations-Schema; in Teil Il, der in der nachsten Ausgabe erscheint,
wird anhand experimenteller Ergebnisse fir eine Destillationskolonne im PilotmaBstab

die Praxistauglichkeit der beschriebenen Methode nachgewiesen, wobei alle 20 Sekunden
neuoptimierte SteuergroBen bei einem steifen differentiell-algebraischen Optimierungs-
modell mit tiber 200 Zusténden berechnet werden. Die Effizienz des Ansatzes, der auf dem
direkten Mehrzielverfahren basiert, beruht auf einer speziellen Initialisierungstechnik, der An-
fangswerteinbettung, die einen optimalen Ubergang von einem Optimierungsproblem zum
nachsten ermdglicht. Dies erlaubt, die Optimierungsiterationen mit der Prozessentwicklung
zu verzahnen, sodass nur eine Iteration pro Abtastzeit durchgefiihrt werden muss, und die
Iterationen trotzdem dicht an den jeweils optimalen Losungen bleiben. Ein Hauptvorteil des
Algorithmus liegt in der Tatsache, dass nichtlineare physikalische Systemmodelle — die hau-
fig bereits fiir Prozessanalyse und -design entwickelt wurden — direkt fiir Regelungszwecke
wiederverwendet werden kénnen, selbst wenn sie groBe Systemdimensionen aufweisen.

Schlagwérter: Nichtlineare Pradiktive Regelung, Echtzeit-Optimierung, Differentiell-Alge-
braische Gleichungen, Direktes Mehrzielverfahren, Destillationskolonnen

Keywords: Nonlinear model predictive control, online-optimization, differential-algebraic
equations, direct multiple shooting, distillation columns
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1 Introduction equationgDAE) [10; 26], as they often arise in practical
applications. The efficiency of the direct multiple shooting
Online optimization of dynamic process models and non- method for dynamic optimization, which has been observed
linear model predictive control (NMPC) have attracted in- in many practical applications, has several reasons. One of
creasing attention over the past decade [1;8;24;30;36].the most important points is the possibility to incorporate
Among the advantages of this approach are the flexibil- information about the behavior of the state trajectory into
ity provided in formulating the objective and the process the initial guess for the iterative solution procedure; this can
model, the capability to directly handle equality and in- damp the influence of poor initial guesses for the control
equality constraints, and the possibility to treat unfore- inputs (which are usually much less known). In the context
seen disturbances fast. It is in particular the availability of NMPC, where a sequence of neighboring optimization
of detailed nonlinear process models — that are increas-problems is treated, solution information of the previous
ingly being used for thedesign of industrial processes problem can be exploited efficiently by amitial value em-
— which promises to make NMPC an appealing alterna- peddingstrategy, as explained in Sect. 4. The efficiency of
tive to conventional control. One important precondition direct multiple shooting using the initial value embedding
for successful NMPC applications, however, is the avail- for NMPC has been observed and compared for various
ability of reliable and efficient numerical optimal con- NMPC schemes in [17;23;32].

:)rg:);llgonthms, one of which will be presented in this While the initial value embedding alone leads already to
a significant decrease in the computation time, to iterate the
While linear model predictive control is popular since optimization until final convergence at every sampling time
the 70s of the past century and by now widely used in might still be too long for an on-line implementation, if the
the process industry [25;31;35], the 90s have witnessedmodel is large-scale or the process is fast. The solution we
a steadily increasing attention from control theoreticians propose only performs one optimization iteration per sam-
as well as control practitioners in the area of nonlinear pling instant. The calculated approximated solutions can be
model predictive control (NMPC). The practical interest shown to stay close to the exact optimal solutions, while
is motivated by the fact that many systems are inherently feedback can be obtained much more frequently and the
nonlinear, and that higher product quality specifications, delay between the state measurements and the resulting
increasing productivity demands, tighter environmental reg- optimal input response is considerably decreased. Further-

ulations and demanding economical considerations in themore, under suitable conditions it is possible to establish
process industry require to operate the systems closer tastability of this scheme.

the boundary of the admissible operating region. Lin- . . . L .

ear models are often inadequate to describe the proces.!sn its ac_:tual implementation, the regl—tlme iteration scheme
dynamics and thus nonlinear models must be used. Fur> realized as. part O.f the optimal control package
thermore, new modeling techniques and the desire to useMUSCOD'II [18;26], which offers several advantages in

first principles models from the design of the plant up to the context of practical online optimization. Among these

the operation increases the interest in control techniquesalre the possibility to provide the DAE model equations as

that can directly utilize the already available first principle generic C or. Fortran-Code or in the gI_DROMS modelling
models. language [28; 34], to make use of efficient state-of-the-

art DAE solvers (e.g. DDASAC [12], DAESOL [4]), or

By now a couple of NMPC schemes that guarantee closed+to employ an existing parallelization in the portable MPI
loop stability and/or reduced computational demand havestandard, in time critical cases.

been developed, see for example [1; 14;20; 30]. However,

for a practical application of NMPC not only closed-loop .

stability is of interest. Questions such as performance, com-1"I Outline

putational implementability, reliability and simple tuning The paper consists of two parts: in this first part the numer-
are often much more important and thus must be care-ical optimization method is explained allowing to capture
fully examined before NMPC can be successfully applied the main underlying ideas. We start by introducing the
in practice. One essential problem is the high on-line com- considered moving horizon optimal control problem formu-
putational load that is often associated with NMPC, since atlation in Sect. 2. The direct multiple shooting method for
each sampling instance a nonlinear optimal control problemthe solution of dynamic optimization problems is reviewed
must be solved. The optimization algorithms shall ideally in Sect. 3. The crucial ingredient of the real-time iteration
be able to treat large-scale nonlinear first principle models scheme, namely the initial value embedding for initializa-
as they are, without further need of modelling or model tion of subsequent optimization problems, is introduced,
reduction. Several works have addressed this problem revisualized and discussed in Sect. 4. In Sect. Sr¢fad-time
cently [2;6;21;37;40]. iteration schemes presented.

In this paper, we will present the recently developeal- In Part Il, which appears in the next issue, we demonstrate
time iteration scheme [15; 17] for optimization in NMPC. for a real world problem, namely the control of a pilot-plant
The scheme is based on the direct multiple shooting distillation column, that the method makes NMPC based on
method for systems described Hjifferential algebraic first principle models feasible.
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open-loop untilto+ T,. However, due to occurring dis-
turbances and model uncertainties the predicted open-loop

Throughout this paper, we consider time invariant DAE trajectory and the resulting closed-loop trajectory will differ

models of index one in the following form

BX(D). Z(t), G)X(H) = f(X(). Z(t). D(D)
0=g(X®, z(t), a(t)) .

Here,X andz denote the differential and the algebraic state
vectors, respectively, and is the vector of control inputs.
The bar is introduced to distinguish the states and the im-

plemented controls of theeal system from thesimulated

statesx, z and controlas in the optimizer, introduced in the

in general. To introduce feedback, the open-loop optimal
control problem (1) is thus solved repeatedly and the feed-
back applied is given by the repeated solution of the NMPC
open-loop optimal control problem. Ideally, this would be
realized by an instantaneous feedback, similar to optimal
feedback controlu(x) := u*(0; X), which would either re-
quire the instantaneous solution of the optimal control
problems (1) for eachX, or an extensive precalculation,
both of which are not feasible in most practical appli-
cations. Therefore, in NMPC, the optimal control prob-

following subsection. Note that the algorithm is equally ap- lems are typically only solved at discrete sampling times

plicable to DAE depending on time and parameters, which

are here omitted for clarity of presentation.

2.1 Open Loop Optimal Control Problem

Given an observed system staté) at a timet, a typical

t, tkr1, ..., and the obtained open-loop controls are ap-
plied in between, by defining
) ;= u"(t —t X(%),  t € [t tkr1) , 2

where ty is the previous closest sampling instant to the

NMPC control scheme (see [1; 29] for more details) obtains imet. The timesy are typically assumed to be a fixed
a feedback from the repeated solution of an open-loop op-iMme & = t—t1 apart. While this delivers sufficient time

timal control problem on a prediction horizdf, Ty] with
horizon lengthT,:

Tp
u«mi‘fz(‘) f L(X(1), (1), u(r))dr + E(x(Tp)) (1a)
0
subject to the initial value constraint
x(0) = X(1) (1b)
and the DAE system
B()x(7) = f(x(v), z(1), u(v)) , (1c)
0=9g(x(2), z(7), u(1)) . (1d)

as well as possible constraints on states and controls

h(x(v), (1), u(1)) =0, Vr [0, Tp] (le)
and a final terminal constraint of the form
r(x(Tp)) = 0. (1f)

for reoptimization, note that most numerical schemes used
so far would also result in a feedback delayspfbetween

the incoming state observatidty), and the availablility of

the feedback controls, even though this topic is rarely ad-
dressed in the literature. It is the objective of this paper to
derive an efficient solution method for the online solution
of (1), which not only allows to decrease the recalculation
time §, considerably, but also to minimize the remaining
feedback delay to a fraction &f.

Due to its origin from optimal control, the NMPC feed-
back law has several appealing properties: among them
are the possibility to base the feedback on economic cri-
teria, to make use of important process knowledge in the
form of nonlinear first principle models, and to include
constraints (1e) in a straightforward way.

Given suitable choices of the objective functional defined
via L and E and the final state constraint (1f), stability

of the nominal NMPC dynamics can be proven even for
nonlinear systems [13; 14; 20; 30].

Note that similar methods as outlined in the following for

The functionL appearing in the cost (1a) is often positive NMPC can also be used for state estimation using moving
definite and can arise for example from economical con- horizon state estimators (MHE) [11;22], since the moving
siderations. The terminal penalty term in (1a) penalizes thehorizon state estimation involves the solution of a related

final predicted state and is often introduced together with dynamic optimization problem.

the terminal constraint (1f) for stability reasons [20;29].

Solving this problem for a given initial valug(t), we
obtain an open-loop optimal control input(z; X(t)) and
a corresponding state trajectox*(t; X(t)), z*(r; X(t))),
t€[0, Tp].

2.2 Implemented Feedback

If the real system statéx(t), Z(t)) would obey the nom-
inal DAE the optimal inputu*(-; X(t)) could be applied

3 Direct Multiple Shooting

Different solution strategies for the open-loop optimal con-
trol problem (1) exist, see for example [7; 8]. The real-time
iteration scheme proposed in this paper is based on the
direct multiple shooting method, which is reviewed briefly
in this section. The review given here lays the basis for
the presentation of the real-time iteration scheme intro-
duced in Sects. 4 and 5. For a more detailed description
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of direct multiple shooting and its implementation in the subject to the initial value constraint
package MUSCOD-II we refer to [26-28], or [18].

S =X, (5b)
3.1 State and Input Parametrization the continuity conditions
The parametrization of the infinite optimization problem S =X (Tis1 S, W) i=0,1...N—-1, (5¢)
consists of two steps. For a suitable partition of the pre- ) -
diction time horizon[0, T,] into N subintervals[z, zi11] and the consistency conditions
with 0=0g(s, & u) i=0,1,...N—1. (5d)
O=n<n<.<tn=Tp Note that the control and path constraints are imposed only
we first discretize the control functian(-). For simplicity, ~ Pointwise at the multiple shooting nodes
we assume here that(-) is parametrized as a piecewise h (SXﬁZ’ Ui) >0 i=0,1.. N—1 (5¢)

constant vector function
as well as for the final node

Note, however, that every parametrization with local sup- r (S)’i‘) 0. (5)
port could be used without changing the basic structure of The NLP (5a))—(5f) can be summarized as
the resulting problem.

Gw)=0

In a second step the DAE is parametrized imyltiple minF(w) subject to {H( )= 0 (6)
shooting We decouple the DAE solution on tHe inter- wr=5
vals[t, 7i4+1] by introducing the initial values* ands’ (for wherew contains all the multiple shooting state variables

ur) =ui, forreln,zigal.

simplicity they are combined in the vectsr in the fol- and controls:
lowing) of differential and algebraic states at the multiple T T ST . T xT 2T . T T T
shooting nodes; as additional optimization variables. W= [% 'S U0 s S LS UL U S ] :

On each subintervdlr, 7, 1] we compute the trajectories The discretized initial value problem is included in the
xi(t) and z (t) as the solution of the corresponding initial equality constraints, as

value problem: S — X (tk)
B()%i (1) = f(xi (1), z (1), Uj) (3a) S\ —Xo (71 &, &5 Uo)
0=0g(xi(1).z (1), u) —ai (DY(S". 5. u)  (3b) G(w) = 9(S%. . Uo) ")
X (1) =5 (3¢) :

The subtrahend in (3b) is deliberately introduced to allow
an efficient DAE solution for initial values and controls
s, &, u; that may violate temporarily the consistency con-
ditions (1d). Therefore we require for the scalar damping
factor « thate; (t) = 1. For more details on the relaxation The NLP problem (6) can be solved efficiently bysa-
of the DAE the reader is referred, e.g. to[9;26; 39]. Note quential quadratic programming (SQM)ethod tailored to
that the trajectoriex; (t) andz (t) on interval[z, 7i,1] are the multiple shooting structure. Starting from an initial

3.3 Sequential Quadratic Programming (SQP)

functions of the initial values and contros, 7, u; only. guesa®, a simple SQP method for the solution of the NLP
Thus, we will refer to them ag;(t; s, u;j) andz(t; s, u;) iterates
in the following. The |ntegral part of the.cost function is W K ok Ak K=0.1.... (®)
evaluated on each interval independently:
Tig1 whereaK € [0, 1] is a relaxation factor to be determined by
. . . k . .
Lis.u):= | L0,z ude. (4) a line search, and the search directibm® is the solution
/ of a quadratic programming (QP) subproblem
| 1
Ami% VF (wk)T Aw+ > Aw" A Aw (9)
weRN
3.2 Resulting Structured Nonlinear Program .
subject to

The parametrization of problem (1a)—(1f) using multiple ‘ W
shooting and a piecewise constant control representa- G(w') +VG(w*) Aw=0
tion leads to the following structured nonlinear program- H(wk)+VH(wk)TAw >0.
ming (NLP) problem:

N-1

m@; Li(s, u)+E(sy) (5a)

Here, AX denotes an approximation of the HessBhL of
the Lagrangian functiont,

L(w, &, 1) = F(w) —1TG(w) — u"Hw),

560



M. Diehl etal.: An Efficient Algorithm for NMPC of Large-Scale Systems - Part | at 12/2002

wherei andu are the Lagrange multipliers. Several possi- ¢ Gauf3—Newton Hessian for Least Squares Integfdsaid

bilities for the Hessian approximations exist: above, the Gaul3R—Newton Hessian approximation (10) is
especially recommended for least squares cost functions,
« Inthe exact Hessian SQP methadd,:= V2.£ (w¥, 1%, 1i¥) which often occur in NMPC. However, the involved least
where multiplier guesses, X can be obtained from the squares terms in the objective (4) typically arise in inte-
solution of the QP (9) at the previous iterait . gralform:Li(s, u) = [[** l(xi (1), zi (V), uj)||3dz. An ef-

« Apopular method is to compute the Hessian approximation ficient method for computation of the corresponding Gaul3—

by an update formula based on the Lagrange gradient differ- Newton Hessian blocksmultaneouslyvith the DAE solu-
ences, which are cheaply available. tion, which delivers the Hessian approximation at virtually

hird h btain th . . . no additional costs during each SQP iteration, has been
* A third approach to obtain the Hessian approximation - implemented in the current version of the optimal con-

the constrained Gaul3—Newton method — is recommended | nackage MUSCOD-II, in conjunction with the implicit
in the special gase of a least squares typg cost function DAE solver DAESOL [15: 19].
F(w) = |IC(w)||5. The cheaply available matrix

A= 2V, CwH)V,,C (wk)" (10)
4 Initial Value Embedding

provides an excellent approximation of the Hessian, if the

residual|C(w)|2 of the costfunctionis small. So far the direct multiple shooting method was only con-

The optimal values o, u; and the complete vectar re- sidered for the solution ofone single optimal control
sulting from the (iterative) solution of (6) in dependence problem (1a)—(1f). In the context of NMPC, several opti-
of X(t) are shortly denoted bg"(X(t)), u*(X(t)) and mization problems at the recalculation timigshave to be
w*(X(t)). solved consecutively, for different initial valuégty). For
simplicity we denote in the following the problem (1a)—(1f)
resp. its multiple shooting parameterization (5a)—(5f) by
3.4 Tailoring SQP for Multiple Shooting P(X(tx)). The question arises of how to find an initial guess
w? for initialization of the SQP iterations towards the solu-

In the following we give some remarks on how to exploit a
tion of each problenP(X(ty)).

the multiple shooting structure in the construction of a spe-

cially tailored SQP method. Due to the deliberate choice Fortunately, we know already, from a previous optimiza-
of state and control parameterizations the NLP problem (6)tion, the solution of a neighboring optimization problem
and the resulting QP problems (9) have a particular struc- p(x(t,)). As shown this solution is a good initial guess
ture: the Lagrangian functioi is partially separableand  for the current problenP(X(t)), if the transition from one

its HessianVZ L is block diagonal a fact which can for  problem to the next fully exploits the advantages of the
example be exploited by the use of high rank block up- direct multiple shooting method. Before we present the ini-

dates [10]. Similarly, the multiple shooting parametrization tialization proposed here we review a rather straightforward
introduces a characteristidock sparse structuref the Ja- initialization approach which we refer to as the ,,conven-
cobian matrice&/ G(w)" andVH(w)T. tional approach®.

It is of crucial importance for performance and numerical
stability of the direct multiple shooting method for NMPC 4 1 conventional Initialization
that these structures of (5a)—(5f) are fully exploited. We

shortly mention three important points that deserve specialGiven the optimal control values,(X(tc-1)), Uj(X(t-1)),
attention: ..., U§_1(X(tk=1)) from the solution of thepreviousopti-

mization problemP(X(tx_1)), and given also a new initial
« Internal Numerical Differentiation:The solution of the  VvalueX(tx), one can open-loop simulate the system over the
DAE initial value problems (3a)—(3c) and the correspond- interval [0, Ty] starting fromX(tc). This leads to a physical
ing derivatives necessary to compute (7) can be Computecﬁomtion trajectory and the resulting states at the multiple
simultaneously by specially designed integrators which useshooting nodes can be used for the initialization of¢be
the principle ofinternal numerical differentiationin par- ~ rent optimization problemP(X(tx)). Note that the controls
ticular, the integrator DAESOL [3; 5], which is based onthe may also be shifted in time before the open-loop simula-
backward-differentiation-formulae (BDF), isused inthe al- tion, taking account of the horizon movement, as proposed
gorithm outlined in this paper. e.g. in [33]; when the new system statéy) is perturbed
by unmodelled disturbances, however, this would not make

« Partial Reduction Technique for DAHEn Leinweber [26] a big difference in the resulting initialization,

a reduction technique for DAE systems with a large share
of algebraic variables is developed, which is also employed The left column of Fig. 1 shows the initialization based on
for the computations in this paper. The technique exploits this open-loop simulation, considering a distillation column
the linearized algebraic consistency conditions (5d) for control problem described in Part Il of this paper. In this
areductionin variable space, so that only reduced gradientproblem the cost function is of least squares type, penaliz-
and Hessian blocks need to be calculated, see also [9; 38].ing the deviations of the two shown temperature trajectories
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Figure 1: Solution iterations for distillation model, after conventional
initialization: shown are two temperatures and two controls, for the
initialization (left column), the second iterate (middle column), and the
optimal solution (right column).

(first two rows of graphs) from their setpoints %D and
88°C. The controls used for the initialization (last two rows

previous problenP(X(tx_1)) without any modificationFig-

ure 2, left column shows the corresponding initialization
using this approach for the same example problem as for
the conventional initialization shown in Fig. 1. Already the
first iteration delivers a fairly good approximation for the
exact solution ofP(X(tk)) (compare with the second iter-
ation of the conventional approach in Fig. 1). Note that
the graphs of the first iteration show discontinuous (in-
consistent) trajectories, as they are typical in the multiple
shooting method. From a numerical point of view, this can
be regarded an equal distribution of the linearization errors
which avoids an error accumulation at the end of the hori-
zon and allows the optimizer to stay close to the desired
optimal trajectories during the iterations.

The simple initialization for the current problef(X(ty))
using the full information of P(X(tx-1)) (but neglecting
X(tk—1) in the initialization) results, of course, in a viola-
tion of the initial value constraint (5b) in the NLP (5a)—(5f),
since sy = X(tk-1) # X(t). However, this constraint is im-
mediately satisfied after the first full step SQP iteration, due
to its linearity.

In the shown example, the trajectory of this first iteration
(middle column in Fig. 2) shows already the main charac-
teristics of the solution (right column), which is attained
after 3 iterations.

The formulation of the initial value constraint (5b) in the
NLP (5a)—(5f) can be considered a linear embedding of
each optimization problem into the manifold of perturbed
problems. It is this particular feature of the direct multiple

of the first column of the graphs) are taken from the previ-
ous solution of problenP(x(tk_1)).

As can be seen, the simulated temperature trajectories

using the conventional initialization are far from the set-
point values due to the mismatch between the new,
perturbed initial valuex(tx) and the previous optimal
controls uj(X(tk—1)), Ui (X(tk-1)), . .. , U§_; (X(tk—1)). This
would equally be true if a shift in the controls was per-
formed.

To obtain the given plots, the Gaul3—Newton approach out-
lined in Sect. 3.4, in conjunction with a full step SQP
method is used. After two iterations (middle column), the
temperature profile has approached the setpoint<7énd
88°C, but due to nonlinearities of the system this iterate is
still far from the optimal solution (right column), which is
only attained after 9 SQP iterations. If instead of the Gaul3—
Newton method the widely used BFGS-update is employed,
even 32 SQP iterations are necessary.

4.2 Initialization via Initial Value Embedding

The initialization approach we present here is simple but

Solution of P (z(t;._,)) Solution of P'(x(t )
Initialization 1st Iteration (3rd Iteration)
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é.) i E %
[e— ~ g/
Al 5 e
&
22
N b
ol 3
< af ,
= /
— Sr L
Hg of q
N

f

2

uy=Ly,; [/h]
4

5
T

4
T

3
T

P

. . . . . . . .
0 500 1000 1500 O 500 1000 1500 0 500 1000
T T T

Q [kW]

u,=
2

1

L
1500

efficient. It directly builds on the advantages of the direct

multiple shooting method. Instead of using the knowledge
of the new statex(ty) for the initialization, one can ig-
nore this information and use the complete solution of the
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Figure 2: Initial value embedding: initialization at the solution of
P(X(t,_1)) (left column), the first iteration (middle column) and the
exact solution P(x(ty)).
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. — a QP, and therefore the first QP (9) is already identical to
w 1st iteration L the full NLP (6) and delivers the same solution.

2nd iteration?Q:/:/

Remark 3: Note that the initial value embedding is fully
compatible with a shift strategy (cf. [33]), where all vari-
ables from the previous optimization problem are shifted

solution of P(Z(tx—1)) to take account of the horizon movement in time, supple-

50 11;ti_°n mented at the end, for example, by a simulated trajectory

: of Pg(”‘(t’“)) piece with steady state input. The shift strategy for real-

——————————————— oo § time iterations is especially advantageous for periodic or
Zlteo1)  Z(tx) time dependent processes [15].

i 3+ Exact solui iold (solid line) and t tial oredict Even though the initial value embedding strategy for dir-
igure 3: Exact solution manifold (solid line) and tangential predictor . : :
after initial value embedding (dashed line), when initialized with the ect multiple shooting does already lead to a decrease in the

solution of P(X(t,_1)). The first iteration delivers already a good pre- required solution time in NMPC[17;21;23] the required
dictor for the exact solution of P(X(t)). solution time might still be too high for a real-time appli-
cation, especially for fast processes or large-scale systems.
Furthermore, we would still have a feedback delay of one
shooting method that allows an efficient transition from one sampling time, if we solve each problem until convergence
optimization problem to the next. and apply the resulting control only afterwards. To over-
come these two problems, we propose in the following an
approximated solution strategy using only one SQP iter-
ation per recalculation instant, which solves the dynamic

A visualization of the principle behind the initial value em-

bedding is given in Fig. 3. The solid line represents for each

initial value X(t) the corresponding solution vectarin the o oiniz ation problems simultaneously with the process de-

NLP variable space. This is the exact solution manifold, velopment.

which is in practice never computed. Note that usually also

some nondifferentiable points occur whenever the set of ac-

tive inequality constraints changes. The dashed line shows5 Real-Time Iterations

the tangential predictor that is delivered from the first (full

step) SQP iteration, when the variables are initialized with We consider now the full real-time scenario, where we want

the solution of P(X(t«—1)). This predictor is in particular  to solve a sequence of optimization probleR{Z(tx)).

valid for the current valuei(ty) and thus delivers a first

iterate w! that is close to the exact solutian*(X(tc)) of . .

P(X(tx)). This property, namely that 5.1 The Online Dilemma
Given that the computational time for one SQP iteration is

|w —w*(xX(t) | = O <|| (X(tk-1) — X(t) Hz) , more or less constant, we have to confront the following

dilemma: If we want to obtain a sufficiently exact solu-

evenholds under mild conditionat points where the active o for a problemP(X(to)), we have to perform several

set changefLS]. SQP iterations until a prespecified convergence criterion is

Note that the predictor is strictly tangential to the solution Satisfied. Assume that for achieving this we have to per-

manifold only for the exact Hessian SQP method. How- form n iterations, and that each iteration takes a tifne
ever, for the GauB—Newton approach the predictor is still ThiS means that we obtain the optimal feedback control
approximately tangential. uj(X(tk)) only at a timetc+né, i.e., with a considerable

delay. However at timeg+né the system state has al-
Remark 1: Note that the initialization by the initial value ready moved to some system st&ig + ns) # X(tx), and
embedding does requimo computational effort at all, as uj(x(t) is not the exact NMPC feedbacks(X(tk + né)).
the previous solution is already available — this is in con- |n the best case the system state has not changed much in
trast to the conventional initialization, where an additional the meantime and it is a good approximation of the ex-
simulation of the DAE system had to be performed. Fur- act NMPC feedback. The problem of which controls have
thermore, most computations that are necessary for thewo be applied in the meantime is still unsolved: a possible
solution of the first QP (9) can already be executeore  choice would be to use previously optimized controls in an
the current value ok(t) is actually available as outlined in  open-loop manner. Note that with this approach we can re-
the next section. This fact plays a crucial role in the context alize an NMPC recalculation rate with intervals of length
of the real-time iteration scheme, because it allows to de-5, =ns (under the assumption thatich problem needs
liver a fast feedback response with negligible computational jterations and that each SQP iteration requires less or equal
delay. than &), and that each feedback comes with a delay of

Remark 2: For linear systems with least squares objective 84 = &r = nd.

the first iterate is already the solution, as in this case theWe may initialize, of course, subsequent problems with the
multiple shooting NLP (5a)—(5f) is itself nothing else than help of the initial value embedding. However, note that due
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to long recalculation times the system state may changeregard the SQP procedure iterating uninterrupted, with the
considerably from one problem to the next, and the SQP only particularity that the initial valu&(ty) is modifieddur-
procedure may therefore still require a relatively high num- ing the iterations. The generation of the feedback controls
ber of iterates. can then be regarded as a by-product of the SQP iterations.
Due to the initial value embedding property, it can be ex-
pected that the iterates remain close to the exact solution
manifold for each new problem. In Fig. 4 four consecutive
We will now present our answer to the online dilemma. The real-time iterates are sketched, where the dashed lines show
approach is based on three ideas: the respective tangential predictors.

5.2 Real-Time Iteration Idea

» Due to the above observations, we will never be able
to compute theexactNMPC feedback controli§ (X(tx))
without delay. Therefore, it may be better to compute
only anapproximationtig(X(tx)) of ug(X(t)), if this ap-
proximation can be computed much faster. Fortunately,
such an approximation is delivered by the initial value
embedding, as the first iteration is a tangential predictor 1. Preparation: Based on the initial guess =
for the exact solution. By using just the first iteration, we (' ' Uo, ...), compute nearly all components of
could reduce the feedback deléyalready considerably, the QP (9):
to the timedy = §. But this can still be improved:

* As mentioned in Remark 1 in Sect. 4.2, the computations
for the first iteration can be largely performbdforethe
initial value x(tx) is known. Therefore, we can reduce
the delay time further, if we perform all these compu-
tations before timet, and at timety we can quickly
compute the feedback respon&gX(tk)) to the current
state, with a delayy that is even considerably smaller
thané: §qg < 8.

e Assuming that we already use an approximate solution

5.3 Real-Time Iteration Algorithm

Let us assume that we start with an initial guadsfor all
multiple shooting variables. We set the iteration indteto
zero and perform the following steps:

. T 1
ATEIEH VE (wk) Aw+ EAwT, A(wk) Aw
G (wk) +VG (wk)T Aw=0
s.t T
H (wk)+VH (wk) Aw > 0.

Note that it is only in the first component & (w"),
where the initial valuex(ty) actually enters, cf. (7);
all other components, in particular all derivatives and
the GauR—Newton Hessial(wX), can already be com-
puted, which takes already the lion’s share of the

of the optimal control problem we can ask if it is really
necessary to iterate the SQP until convergence requiring
a time §, =né. Instead, we can furthermore reduce the
recalculation time by performing just one iteration per

recalculation interval allowing considerably shorter sam- 2.

pling intervals. A positive side-effect is, that this shorter
recalculation time § = é instead ofnd) most probably
leads to smaller differences in subsequent initial states

computations for each SQP iteration. Furthermore, the
above QP will be presolved to a large extent, as much
as possible without knowledge &fty), to prepare the
next step.

Feedback Response: at timg, after the prepar-
ation phase has been finished, the real system is
observed, and the missing initial valugty) is ob-
tained. Using X(tx), the solution of the QP sub-

X(tx) andX(tky+1) for consecutive optimization problems. problem is calculated fast to obtain the step vector

Auwk = (A, ALK AUk, ...) and give the tangential

These ideas set the basis for the real-time iteration scheme. . )
approximation of the NMPC feedback control,

The focus is now shifted from the sequence of optimiza-

tion problems towards the sequence of iterates: we may G(X(t) := UK+ Augk

immediately to the real system.
3. Transition: Set the next initial guess as

3rd iteration =
2nd iteration

wht = wk+ Auk, (11)

setk=k+1,andgoto 1.

We only sketched the main ideas and refer to [15;17] for
more details. The time for each recalculation cycle corres-
ponds to the time of one SQP iteratidn,i. e., a recalcula-
tion rate with intervals of length, = § can be realized, and
at every recalculation instant a new feedback is delivered.

78 BT CPWwY S 7wy (e

Furthermore, note that nearly all computations of a recal-
culation cycle are concentrated in the preparation phase 1,
therefore, the feedback delay between the obtained meas-

Figure 4: Clarification of real-time iterates in comparison to the exact
solution manifold. The real-time iterations stay close to the exact solu-
tion manifold (solid line).
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feedback feedback feedback e The direct multiple shooting method, as a simultaneous
H strategy, allows to efficiently treat highly nonlinear and un-
stable systems [16].

Z(te+1) y
= / \ W e The approach allows a robust treatment of control and path
2(t) ' constraints as well as boundary conditions.
o a(E(t)) 1:’"',{('5(};;'135' U a(E(tke2)) ¢ The real-time iteration scheme needs only short sampling

i i | ' times to perform a fully nonlinear optimization.
e tr + dq

preparation|  preparation|  preparation

o1 =tk +0  trio thts « The feedback delay is much shorter than a sampling time.

] G o of o time in the realtime iterati + The method is well suited for parallel computation and
Figure 5: Segmentation of computation time in the real-time iteration allows considerable speedups, since the integrations are de-
scheme; real system state and control trajectory, for sampling time &

and feedback delay 84 < 5. coupled on different multiple shooting intervals [28]. An
existing parallel implementation is based on the portable
MPI standard.

urement and resulting input in step 2 is minimized to |n Part Il of the paper, the algorithm is experimentally
a valuedq < 8. An overview on the employment of com-  applied for the control of a binary distillation column,
putation time in the real-time iteration scheme is given ysing a DAE model with 82 differential and 122 algebraic
in Fig. 5, together with a sketch of state and control state variables for the optimization, with sampling times
trajectories. of 20 seconds. The presented results show that nonlinear
model predictive control can even be applied nowadays for
the control of large-scale systems and does lead to satisfy-
ing performance if the outlined solution approach is used.

The delayéqy between the measurement and the result-
ing input is in practice typically two orders of magnitude
smaller than the complete recalculation tidhe= 5, as will

be shown in the experimental case study in Part Il of the
paper. Acknowledgements
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