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Abstract

Regularity and uniqueness of weak solution of the compressible isentropic Navier-
Stokes equations is proven for small time in dimension N = 2,3 under periodic
boundary conditions. In this paper, the initial density is not required to have a
positive lower bound and the pressure law is assumed to satisfy a condition that
reduces to v > 1 when N = 2,3 and P(p) = ap”. In a second part we prove a
condition of blow-up in slightly subcritical initial data when p € L°°. We finish by
proving that weak solutions in TV turn out to be smooth as long as the density
remains bounded in L>®(LN+1497) with € > 0 arbitrary small.

1 Introduction

The Navier-Stokes equations are the basic model describing the evolution of a viscous
compressible gas, As emphasized in many papers related to compressible fluid dynamics
[41, 48, 60, 62, 63], vacuum is a major difficulty when trying to prove global existence and
strong regularity results. As a matter of fact, starting from initial densities that have
positive lower bounds, local existence of smooth solutions can be proved by classical
means, since lower bounds on the density persists for small enough time. This paper is
devoted to the proof of well-posedness results. We want to prove next that the norm
LP(LY) on the pressure P(p) control the breakdown of strong solutions of the Navier-
Stokes equations when N = 2,3. In other words, if a solution of of the Navier-Stokes
equations is initially suitably smooth and loses it regularity at some later time, then the
maximum norm of the density grows without bounds at the critical time approaches.
Let us first recall the periodic compressible isentropic Navier-Stokes equations in TV
(N >2).

O(pu) + div(pu ® u) — div(2u(p)Du) — V(A(p)divu) + VP(p) = pg, (1.1)

{ Oyp + div(pu) =0 in D'((0,T) x TV),
The unknowns p, u respectively correspond to the density of the gas p > 0 and its
velocity u € RY. The last equation of (1.1) defines the pressure P which is assumed to
be increasing in p for physical reasons. Usually P(p) = P, , = ap” for some positive
constant a and some vy > 1. The viscosity coefficients ares assumed to satisfy u > 0,
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N+ 2u > 0, and the external forces g to belong to L%((0,T) x TN)N for all T > 0.
Finally we complement the above system with initial conditions

(1.2)

pt=0=po =0,
pU t=0 = M-

Before the remarkable work of P-L Lions, very little was known about solutions of the
compressible isentropic Navier-Stokes equation at least when N > 2. In [50] he proved
a global existence theorem and weak stability results for P, , pressure laws under the
following assumptions on the initial data

po € LY(TN)n LY(TN), po > 0,

2 1.3
20 e L), 3
Po

2
where we agree that % =0 on {z € TV such that po(x) = 0}. More precisely he proved

Theorem 1.1 We assume (1.3) and v > 1 if N = 2, v > % if N = 3. Then there
exists a solution (p,u) € L>(0,00; LY(TN)) x L?(0,00; HY(TN))N satisfying in addition
p € C([0,00), LP(TN)) if 1 < p <, plul* € L>(0,00; L'(TV)), p € L, ([0, 00); LYTY))

for1<qg<~—-1+ %7. Moreover, when f =0, for almost all t > 0, we have

1 t
/ (=plul® + va)(t,x)dx +/ ds/ (| Vul> + (A + p)(divu)?)dzds
™ 2 y—1 0 T~

) (1.4)
< - 24 2 :
< [ (Gooluol? + — ) )da

In addition, he proved similar results for more general pressure laws P(p) such that

1
P
/ (S)ds < 400,
0

52
P(s)
s

(1.5)

liminf —s 4 > 0,

for some -y satisfying the above condition of theorem 1.1. Notice that the main difficulty
for proving Lions’ theorem consists in exhibiting strong compactness properties of the
density p in Lfoc(]RJr x RN ) spaces required to pass to the limit in the pressure term
P(p) = ap”. Let us mention that Feireisl and his collaborators in [28, 29, 30] generalized
the result to any v > % for N > 2 in establishing that we can obtain renormalized
solution without imposing that p € L? (RT x RY) (a property that was needed in Lions’
approach in dimension N = 2,3 giving the further condition v — 1 + QW'Y > 2), for this he
introduces the concept of oscillation defect measure evaluating the loss of compactness.
In [7] Bresch and Desjardins show a result of global existence of weak solution for the
non isothermal Navier-Stokes system assuming density dependence of p(p) and A(p),
considering perfect gas law with some cold pressure close to the vacuum, and the following

relation:

Ap) = 2(pt (p) — 1(p))- (1.6)



The key point in this paper is to show that the structure of the diffusion term provides
some regularity for the density thanks to a new mathematical entropy inequality. This
one has been discovered in [8], we call it the BD entropy. Mellet and Vasseur by using
the BD entropy, get in [52] a very interesting stability result. The interest of this result
is to consider conditions where the viscosity coefficients vanish on the vacuum set. It
includes the case u(p) = p, AM(p) = 0 (when N = 2 and = 2, where we recover the Saint-
Venant model for Shallow water). The key to the proof is a new energy inequality on
the velocity and a gain of integrability, which allows to pass to the limit. Unfortunately,
the construction of approximate solutions satisfying: energy estimates, BD mathemati-
cal entropy and Mellet-Vasseur estimates is far from being proven except in dimension
one or with symmetry assumptions, see [54], [49], [32]. Note that approximate solutions
construction process has been proposed in [5] satisfying energy estimates and BD math-
ematical entropy. This means that only global existence of weak solutions with some
extra terms or cold pressure exists in dimension greater than 2.
The existence and uniqueness of local classical solutions for (1.1) with smooth initial data
such that the density pg is bounded and bounded away from zero (i.e., 0 < p < pg < M)
has been stated by Nash in [55]. Let us emphasize that no stability condition was re-
quired there.
On the other hand, for small smooth perturbations of a stable equilibrium with constant
positive density, global well-posedness has been proved in [51]. Many works in the case
of the one dimension have been devoted to the qualitative behavior of solutions for large
time (see for example [40, 48]). Refined functional analysis has been used for the last
decades, ranging from Sobolev, Besov, Lorentz and Triebel spaces to describe the regu-
larity and long time behavior of solutions to the compressible model [61], [63], [42], [45],
[47].
The use of critical functional frameworks led to several new well-posedness results for
compressible fluids. In addition to have a norm invariant by (1.1), appropriate func-
tional space for solving (1.1) must provide a control on the L® norm of the density (in
order to avoid vacuum and loss of ellipticity). For that reason, we restricted our study
to the case where the initial data (po,up) and external force f are such that, for some
positive constant p:

N N N

p1

N FLAAN | -1
(PO - ﬁ) S Bpfl’ up € ng)ll,l and f € Llloc(R+7 S Bphl )

with (p,p1) € [1,400[ good choose. The most important result come from R. Danchin in
[22] which show the existence of global solution and uniqueness with initial data close from
a equilibrium, and he obtains a similar result in finite time. The interest is that he works
in critical Besov space (critical in the sense of the scaling of the equation). More precisely

N

to speak roughly, he get strong solution with initial data in 325,1 N 32%71_1 X (BQ%J—I)N .
Here compared with the result on Navier-Stokes incompressible, he needs to control the
vacuum and the norm L*° of the density in the goal to use the parabolicity of the mo-
mentum equation and to have some properties of multiplier spaces. That’s why Danchin
works in Besov spaces with a third index » = 1 for the density, and it’s the same for the
velocity as the equations are linked. In [25], R. Danchin generalize the previous result
with large initial data on the density.

In [25], however, we hand to have p = pj, indeed in this article there exists a very strong



coupling between the pressure and the velocity. To be more precise, the pressure term is

considered as a term of rest for the elliptic operator in the momentum equation of (1.1).

This paper improve the results of R. Danchin in [22, 25], in the sense that the initial
N

density belongs to larger spaces Bgl with p € [1,+o00[. The main idea of this paper is
to introduce a new variable than the velocity in the goal to kill the relation of coupling
between the velocity and the density. In [11], F. Charve and R. Danchin and in [14]
Q. Chen et al generalize the results from [23] by choosing more general initial data. In
particular they works with general Besov space constructed on LP, however they added
some conditions on p (p < 2N) to get global solutions. For results of strong solutions
with general viscosity coefficients we refer to [15, 33, 34].

In [36], we address the question of local well-posedness in the critical functional frame-
work under the assumption that the initial density belongs to critical Besov space with
a index of integrability different of this of the velocity. We adapt the spirit of the re-
sults of [1] and [33] which treat the case of Navier-Stokes incompressible with dependent
density (at the difference than in these works the velocity and the density are naturally
decoupled). The main idea of this paper is to introduce a new variable than the velocity
in the goal to ”kill” the coupling between the velocity and the density. We introduce a
new variable v; to control the velocity where to avoid the coupling between the density
and the velocity, we analyze by a new way the pressure term (in particular we will use
this variable v; in this article). This idea is inspired from the works of D. Hoff, P-L
Lions and D. Serre about the the famous effective pressure. More precisely we write the
gradient of the pressure as a Laplacian of the variable v1, and we introduce this term in
the linear part of the momentum equation. We have then a control on v; which can write
roughly as u — GP(p) where G is a pseudodifferential operator of order —1. By this way,
we have canceled the coupling between v; and the density, we next verify easily that we
have a control Lipschitz of the gradient of u (it is crucial to estimate the density by the
transport equation). This result allows us to reach some critical initial data in the sense
that we are not very far to choose (pg — g, up) in Bgo,l X B?v,r

On the other hand there have been few existence results on the strong solutions for the
general case of nonnegative initial densities. The first result was proved by R. Salvi and
I. Straskraba. They showed in [59] that if Q is a bounded domain, P = P(-) € C?[0, ),
po € H?, ug € H& N H? and the compatibility condition:

1
Lug + VP(po) = pig, forsomeg e L? (1.7)

is satisfied, then there exists a unique local strong solution (p,u) to the initial boundary
value problem (1.1). H. J. Choe and H. Kim proved in [17] a similar existence result
when Q is either a bounded domain or the whole space, P(p) = ap” (a > 0, v > 1),
po € LN HE N W wy € D} N D? and the condition (1.7) is satisfied.

B. Desjardins in [26] proved the local existence of a weak solution solution (p,u) with
a bounded nonnegative density to the periodic boundary value problem (1.1) as long as
supo<cr (1Dl (9, + [Vu(t) | 2(c)) < 40,

This paper is devoted to improve the works in [26] and [17] by choosing very low regularity
on the velocity. In the sequel we will note % =0 +u-Vand f= %f.



The viscosity coefficients will suppose constant in the sequel and are assumed to satisfy:
5
w >0, O<)\<ZM' (1.8)
It follow that there is a [ > 6, which will be fixed throughout, such that:

po (1=2)
o Ai-n

(1.9)

In the sequel we will assume that g € E% with:

T T
lolley = Nl + laligun + [ GIValbds+ [ [ (sl s

where f(s) = min(l,s) . We obtain now the following existence of weak solutions in
finite:

Theorem 1.2 Let N = 2,3 andy > 6. Assume that p and X\ verify (1.8) and (1.9). We
assume that pg € L®(RN), pﬁuo € L5 with e > 0 if N = 3, p(%uo € L3t if N =2
and péuo € L% Moreover g is in Ex and g € L'(L*) N L*°(LY).
o There exists Ty € (0,+00] and a weak solution (p,u) to the system (1.1) in [0,Tp)
such that for all T < Ty and with f(t) = min(¢,1), w = curlu:

sup [ [Gotta)lutt o)+ Pt )| + 10 Vult, ) s
TN

0<t<Typ
+ sup [ [Golta) 10 (plilt, o) + [Vl ) ) (1.10)
0<t<Ty JTN

To
+/ / ([Vul? + f(s)(pla)? + |Vw|?) + N (@) Va|?|dedt < CCy.
0 TN

1
sup / p(t, z)r|u(t, z)|Pdz < Cp. (1.11)
0<t<Ty JTN

where Cy depends of the initial data py and ug and where:

{p—?—i—e, if N=2,

1.12
p=6+¢ if N=3. (1.12)

o [In addition if we assume that ug € H> 1% with e > 0 and p% € L, we obtain the
following estimates:

1
sup / = p(t, ) ult, )2 + |P(p(t, )| + 272 | Vu(t, z)2da
0<t<Tp JTN 2

1 .
+ sup / [5 0t 2)t7 (pla(t, o) + |Vew(t, 2)*)dz (1.13)
0<t<Tp JTN 2

To
+/ / [IVul? + 272 ~¢|af2 + | Va|2|dadt < C(Co + Cy)?,
0 TN

5



where:
c=2—¢ if N=2,

3 1.14
oc=—-—¢ 1if N=3, ( )
2
and: 1
sup [lu(t. ),y 1o < CCE, and |- € LF (L), (1.15)
0<t<Tp p
and:
Vu € LL(BMO). (1.16)
e The reqularity properties (1.10), (1.13), (1.15) and (1.16) hold as long as:
sup ||pll Lo (zoomvy) < +o0. (1.17)
te[0,7)
Remark 1 o In this theorem when we assume hypothesis on the vacuum as in [36]

where p% € L™ we obtain a control on the gradient of the velocity Vu in L'(BMO).
We know that for incompressible Navier-Stokes this hypothesis is enough to get
uniqueness. In this sense we can consider our result as a theorem of strong solutions
in a weak sense. It means that this result improve the the results of [36] by the fact
that we do not need any other assumption on py than pg € L. It means that
we are completely critical for the scaling of the equations on the density. For the
inityial velocity ug we need to be a little be surcritical as ug € H> 1%, The only
thing is in dimension n = 3 where we need extra assumption of the type ug € LOF¢.

o We can observe that it would be possible to avoid the condition v > 6 but in this
case we would have to ask more integrability on the initial velocity. Indeed this
condition plays a crucial role to control the norm L of the density. In the same
spirit in dimension N = 2, we can choose initial data slighty surcritical for the
scaling of the equations if we choose vy very big.

e In this result we improve the works of B. Desjardins in [26] by the fact that we
can choose more general initial data. The second important point is that estimates
(1.10) and (1.11) can hold as long as p € L*> in dimension 2 and 3.

Let p > 0. In the sequel we will note ¢ = p — p. In the following corollary we obtain
strong solution by adding some regularity on the initial density and we assume that pg
is away from the vacuum. The goal is to get by this extra regularity on the density a
control Lipschitz of Vu. By this way, we can show that the results of [36] are very critical
as it seems necessary to add extra regularity to get a control of Vu in L%(LOO).

Corollary 1 Under the hypothesis of theorem 1.2 (in particular uy € H> %€ and there
exists ¢ > 0 such that po > c). Moreover we assume that qo € BS, , if P(p) = Kp and
Qo € B}VJF;O if P is a general pressure. The solutions of theorem 1.2 are then unique and

verify locally in time (1.10), (1.18), (1.15) and:
Vu e LlTO(LOO).

Moreover if p is in L>°(R x TV) then the solutions are global.



In the following theorem we want improve the criterion of blow-up of corollary 1. More
precisely we prove that it is just necessary to control the norm L (L(N +1+E)“’) with e > 0
of the density when P(p) = ap” with v > 1 to obtain global strong solution. This result
is to connect with the works of Serrin for incompressible Navier-Stokes system where in
the compressible Navier-Stokes, the pressure plays the role of the velocity.

Theorem 1.3 Let A =0, v > 1 and g as in theorem 1.2 and g € L*°(L*°). Let P(p) =
ap? with a > 0 and vy > 1. Assume that (qo,ug) € (LVHLOOQB}V‘*:;) X (LQQLOOQH%_H‘E)
with € > 0. Moreover pg check pg > ¢ > 0.

Let (p,u) a global weak solution of system (1.1) on [0,T') with the previous initial data
which satisfies the following condition:

p € L0, 400, LNHIHIN) and p e L(0, +00; L0 N L31H3) if N =3,

p € L0, +oo, LNHH) and p e L°(0, +oo; LY if N =2,

with € > 0. Then (p,u) is unique and verify locally in time (1.10), (1.13), (1.15) and:
Vu € Lj, (L™).

(1.18)

Remark 2 o When we say that (p,u) is unique, we means that (p,u) is unique in the
following class of global weak solution Br. Br is the class of global weak solution

(p',u') which verifies for the initial data andp, € L™ and \/pé)u;) € L? and:
p € L>®(0,00, L) /pu € L>(0,00,L*) and Vu € L*(0,00,L?).

e This result has to be seen as a Prodi-Serrin theorem for compressible Navier-Stokes
system. The main difference compared with incompressible Navier-Stokes system is
that the good variable is the pressure and not the velocity. In some way, it is the
integrability of the pressure which gives the reqularity of the solutions. This result
is the first one up my knowledge which ask only condition of integrability on the
density to get global strong solutions.

e [In this theorem we can see that by compare with the incompressible Navier-Stokes
equation, the good variable to control is not the velocity but the pressure. Indeed if
we control enough the pressure, we get integrability on the velocity.

o In this theorem we need to assume hypothesis on the vacuum as in [34] where
p% € L™ in the goal to get a control Lipschitz on the velocity.

o This initial data are considered slightly surcritical in dimension 3 except that ug €
L (it is probably possible to improve this fact).

e Here we need to assume that A = 0 to get a control L>° on w as in the article of A.
Mellet and A. Vasseur in [53]. We recall that in this paper they need of a control on
P(p) € L>®(L3*¢) with € > 0 for N = 3 by using some De Giorgi technics used by
A. Vasseur in [66] to reprove the famous result of Caffarelli-Kohn and Nirenberg in
[10]. Asin [53], the pressure plays a important role, and in some sense the pressure
is the good wvariable to control to get global strong solution. The pressure plays the
role of the wvelocity for Navier-Stokes incompressible when we have compressible
Navier-Stokes system where a structure of type effective pressure exists.



o We can justify the previous statement by seeing the results of D. Bresch and B. Des-
jardins in [6]. They have a new mathematical entropy for a class of such viscosity
coefficients which gives some norms on the gradient of p (see [6]), in particular
we can obtain the relation (1.18). However this type of viscosity coefficient kill
the structure of effective pressure and we can apply our proof. It’s again a proof
that the structure of the viscosity coefficients plays a crucial role for compressible
Navier-Stokes system.

o As in the case of incompressible Navier-Stokes system (see [10]), there is a big gap
between obtaining (1.18) and by this way have a control on p in L.

o V. A. Waigant has builded in [67] explicit solutions for which the mazimal integra-
bility of the density correspond to L1(0,1, L?) with q = 7(3]\[;# It means that
(1.18) fails in this case except that the force term is less reqular than in our case.

It means that the reqularity of g is crucial to get strong solution.

Remark 3 We belicve that our method can be adapted to the euclidian space RY. This
is the object of our future work.

Our paper is structured as follows. In section 2, we give a few notation and briefly
introduce the basic Fourier analysis techniques needed to prove our result. In section 3
and 4, we prove a priori estimate on the density and the velocity. In section 5 and section
6, we prove the theorem 1.2 and corollary 1. We finish in the section 7 by the proof of
theorem 1.3.

2 Littlewood-Paley theory and Besov spaces

Throughout the paper, C' stands for a constant whose exact meaning depends on the
context. The notation A < B means that A < CB. For all Banach space X, we
denote by C([0,7],X) the set of continuous functions on [0,7] with values in X. For
p € [1,40o0], the notation LP(0, T, X) or L*.(X) stands for the set of measurable functions
on (0,7T) with values in X such that ¢t — || f(¢)||x belongs to LP(0,T). Littlewood-Paley
decomposition corresponds to a dyadic decomposition of the space in Fourier variables.
Let ¢ € C*°(RY), supported in C = {¢ € TV/2 < |¢] < 8}, We set OV = (0,2m)" and
ZN = (Z/1)N. We decompose now u € S (T) into Fourier series:

. 1 )
u(z) = Z e’ with dg = |TN’/Tl‘e_lﬁ'yu(y)dy.
B

€zN
Denoting;
ho(w) = ) 9(279B)e?,
BEZN

one can now define the periodic dyadyc blocks as:

Agu(x) = Z (p(2_qﬁ)ﬁgew'x, forall g€ Z
BeZN



and the low frequency cutt-off:

Syu(a) =io+ Y. Apu(a)

p<g—1
It is obvious that:
U = Uy + sumpAgu .

This decomposition is called homogeneous Littlewood-Paley decomposition.

2.1 Homogeneous Besov spaces and first properties

Definition 2.1 For s € R, p € [1,400], ¢ € [1,4+00], and u € S'(TV) we set:

1
lullsy, = Q%1 Awl|ze) )7

leZ

The Besov space By, is the set of temperate distribution u such that |[ul|ps < +o0.

Remark 4 The above definition is a natural generalization of the nonhomogeneous Sobolev
and Holder spaces: one can show that B, ., is the nonhomogeneous Holder space C* and
that Bj 5 is the nonhomogeneous space H?.

Proposition 2.1 The following properties holds:

1. there exists a constant universal C such that:
CHulls;, < [Vullgs-1 < Cllullsg,-
2. If pr <p2 and 11 <1y then By . — B;;g(l/pl_l/m).

1,71

3. BS

s . / . o
o Bprifs >sorifs=s andry <r.

Before going further into the paraproduct for Besov spaces, let us state an important
proposition.

Proposition 2.2 Lets € R and 1 < p,r < +o00. Let (uq)q>—1 be a sequence of functions
such that

(37 2% |lug 1) < +oo.
q

If suppty C C(0,29R1,29Ry) for some 0 < Ry < Ra then u = Zq uq belongs to B, and
there exists a universal constant C' such that:

lully, < CMHEI(CD 7 (2% lug2e)")

g>—1

S

Let now recall a few product laws in Besov spaces coming directly from the paradifferen-
tial calculus of J-M. Bony (see [4]) and rewrite on a generalized form in [1] by H. Abidi
and M. Paicu (in this article the results are written in the case of homogeneous spaces
but it can easily generalize for the nonhomogeneous Besov spaces).



Proposition 2.3 We have the following laws of product:

e Forall s €R, (p,r) € [1,+00]? we have:

luvllsg, < C(llullLe<lvllsg, + [[vllze<llulls;,) - (2.19)

p,r T

o Let (p,p1,p2,m M, A2) € [1,400]* such that:y < oo+ - p1 < day p2 < Ar, 5 <
1, 1 11
pr T ondp <o

if31+32+Ninf(0,1—}%—1%)>0, sl—i-%<pﬂ1 and32+%<pﬂ2 then:

+ )\% We have then the following inequalities:

0] vosp gyt S Il ol (2.20)
p,T

when s1 + % = pﬁl (resp s2 + /\ﬂl = p%) we replace HUHBZ},THUHBZQOO (resp ||’UHBZ§700)

by HUHB;i,lHUHB;g,T (resp HUHBS;MOLOO), if s1+ )\—]\; = pﬂl and s + % = pﬂQ we take
r=1.
If sy +s0=0, s1 € (Aﬂl—%,pﬂl—%] andp%—i-p% <1 then:
vl s xS el el (221)
p,o0
If |s| < % forp>2 and —g <s< % else, we have:
luvl[y, < Cllullpg [loll ~ . (2.22)
BPZ:OO
Remark 5 In the sequel p will be either p1 or pa and in this case % = p% — p% if p1 < po,
resp 5 = o — oo if p2 < p1.

Corollary 2 Letr € [1,400], 1 <p <p; <400 and s such that:

N Ny r1 1
L] SE(_E7H) Zfi—l-pflﬁl,

N 1 1 Ny r1 1
(] 86(—E+N(E+E—1),H) Zf5+ZT1>1’

N

then we have if u € By . and v € BEOO NL>:

luvllBs, < Cllulls, vl

pl,oon

The study of non stationary PDE’s requires space of type LP(0,7, X) for appropriate
Banach spaces X. In our case, we expect X to be a Besov space, so that it is natural to
localize the equation through Littlewood-Payley decomposition. But, in doing so, we ob-
tain bounds in spaces which are not type LP(0,T, X) (except if r = p). We are now going
to define the spaces of Chemin-Lerner in which we will work, which are a refinement of the
spaces Li.(B; ).

10



Definition 2.2 Let p € [1,400], T € [1,+00] and s; € R. We set:

ol gseny = (30 27 1 Avu(t) [0 1)
leZ

S =

We then define the space E’%(B;}T) as the set of temperate distribution u over (0,T) x TV
such that Hu”Z;(B;lT) < 400.

We set éT(E;}T) = Z?(E;lr) N C([0,7], ByL). Let us emphasize that, according to
Minkowski inequality, we have:

HUHEPT(B;}T) < ”UHL"T(B;}T) if > p, HUHEPT(B;}T) > ”“HL"T(B;'}T) if r<p.

Remark 6 It is easy to generalize proposition 2.3, to E%(B;}T) spaces. The indices s1,
p, T behave just as in the stationary case whereas the time exponent p behaves according
to Holder inequality.

In the sequel we will need of composition lemma in E;(B;m) spaces.
Lemma 1 Let s >0, (p,7) € [1,+00] and u € Z;(B;yr) N LF(L>).

1. Let F € Wl[c;sl+2’°°(']I‘N) such that F(0) = 0. Then F(u) € sz(BZ,r>- More precisely
there exists a function C depending only on s, p, r, N and F' such that:

IF @z s 5 < Cllull ey llz s

loc
precisely there exists a function C depending only on s, p, r, N and F' such that:

2. Let F € W[s]+3’oo(']I‘N) such that F(0) = 0. Then F(u) — F (0)u € EPT(B;T). More

! 2
1F () = F Oulgy g ) < Cllull e oo el 5,

Here we recall a result of interpolation which explains the link of the space By ; with the
space B ., see [21].

p?m’
Proposition 2.4 There exists a constant C' such that for all s € R, e >0 and 1 < p <
+00,

1+4e€

lullzy sy ) = O ullzg s, (1 +log

”“”%(Bﬁté))

HUHZ"T(B;OO)
Now we give some result on the behavior of the Besov spaces via some pseudodifferential
operator (see [21]).

Definition 2.3 Let m € R. A smooth function function f : TN — R is said to be a S™
multiplier if for all muti-index o, there exists a constant C, such that:

VEe TN, [0°F(€)] < Ca(l+ lg))m .
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Proposition 2.5 Let m € R and f be a 8™ multiplier. Then for all s € R and 1 <
p,7 < +o0 the operator f(D) is continuous from By, to By ™.

We now focus on the mass equation associated to (1.1)

{ Oq +u - Vq+ qh(q) = —qdivor, (2.23)

d/t=0 = 40-

~ N
where h € C, h(0) = 0 and h' € W**°(R,R). Here v; belongs in Ll(Bp’:1+E) with € > 0
and p € [1,4o00].

Proposition 2.6 Let 1 <p <p; < +o0, p2 € [1,+00] and 1 <r < 400, 1 <71 < 400.
Let assume that:

1 1 N
—Nmin(—, ) <o < —, (2.24)
b1 p b2
with strict inequality if r < +o00. Assume that qo € By, Vv € LY(0,T; L>®), divy; €

N ~
LY(Bpl ) N L>® and that q € L (B, )satisfies (2.23). There exists a constant C' de-
pending only on N such that for all t € [0,T] and m € Z, we have:

1007505, < € Ollaollg, + VO — 1, (2.25)
with:

( t N
V)= [ (IVu(®)] ~ + [[divor (T)[| +lla(MmFE)dr if o<1+ —,

0 o 0oL 52 00 ML p1

! : a+1 : N

= [ (IVu(n|l » + [[divor(T)[| + gL )dr if o <1+ —

0 o 00N 52 00 ML p1

and r=1.

with a the smallest integer such that a > s.
Proof: Applying A; to (2.23) yields:
OA1g +u-VAg+ ANg = Ry — Ay(qdiver) — Ay(gh(q)) with Ry = [u-V, Allg.

Multiplyng by A;q|A;qP~2 and performing a time integration, we easily get:

t
[A1g(®)l|Lrdr S [| Avgollzr + / (IRdllzr + lldivul| e | Avg] Lo
0
+ [ Au(gdiver) [ zr + | Au(gh(q)) ] r) dr-
By paraproduct, there exists a constant C' and a positive sequence (¢;) € I" such that:

1A (gdivor) [z < Ce27|ql| Bz, ||diver | x

poyo0 1L

Similarly by lemma 1 we have:

18(gh(@)llzr < Ce2™|ql B, llall7E"-

12



Next the term ||R;||z» may be bounded according to the inequality (2.53) p 110 of [3]:

l
17N Rlze) ller < ClIVull x  lallsg,-
BPLpy.r

(5+9)

We end up with multiplying the previous inequality by 2! and summing up on Z:

p,r —

t t
la(®)|lBg <”Q0HB;T+/O cv yyqy\B;TdTJr/o cV'dr.

Gronwall lemma yields inequality (2.25). O

3 A priori bounds on the density

In this section we make a formal analysis on the partial differential equations of (1.1)
and begin by classical energy estimates. Multiplying the equation of conservation of
momentum by u, we obtain

) t
L Gt a) i) eayie+ [ [ D) Dw)(s.a) (3.20

mal2
+ (X + p)|divul?(s, z))dsdz < /TN (’2;|(CL') + I(po)(z)]) dz,

where II is defined by

I(s) = s< OS P) dz>, (3.27)

2
z
It follows classicaly that we have the following bounds
p € L>(0,00; L7),
Vpu € L=(0, 00; L?), (3.28)
Vu € L2(0, 00; LN

Here LJ designes the Orlicz space of definition ?7.

3.1 Bound on logp

Let us emphasize that one of the main ingredient of the proof of the first part of theorem
1.2 is a partial differential equation derived from (1.1) involving log p. It was introduced
by P-L Lions in [50] to prove global existence of weak solutions of (1.1) in a particular
case and it is one of the key of the proof in the paper of B. Desjardins in [26]. Letting
formally (A)~!div operate on the equation of conservation of momentum, we obtain

(24 + Ndivu — P(p) + / P(p)dz = 9,A~\div(pu) + Ry R, (pusy) (3.29)
TN

where A~! denotes the inverse Laplacian with zero mean value on 7V and R; the usual
Riesz transform. Let us observe that the equation of mass yields

O¢log p+u.Vlog p + divu =0 (3.30)

13



Let us define F' and G by the following expression:

F = (2u+ XN (logp+ A~ div(pu)),
G = (2u + N)divu — P(p).

Here F'is to compare to a density variable and G is the so-called effective pressure. More-
over we shall denote respectively by P and () the projection on the space of divergence-free
and curl-free vector fields. Combining (3.29) and (2.23), we obtain

OF +u-VF+ P(p) — . P(p)dz = [uj, R R;](pu;). (3.31)

Next we define the Lagrangian flow X of u by

3.32
X/tzs =7, ( )

and derive the following identity

t t
F(t,X(t,0,2)) :Fo(x)—/o P(p(s, -))dxds—}—/o ([uj, RiRj](pui)(s, X (s,0,2))ds. (3.33)

Using the fact that p(-) > 0, we obtain

F(t,z) < FO(X(O,t,m)H—/O P(p(s,~))dmds+/0 ([uj, RiR;](pui)(s, X (s,t,x))ds. (3.34)

It follows that

log(p(t, x)) <log(||pollre) + C[(A) " divimo| o + C|[(A) " div(pu)(t, )| £

' (3.35)
+%Hc/m%&&mwwmmw,
0

where Cj depends of the initial data. In view of the usual Sobolev embedding inequalities,
we obtain

log(p(t,z)) <log(llpollz=) + ClI(A) divimo] o + C|[(A)~ div(pu) | o

t (3.36)
4ot C [ s, BBy )(ou) 5.y, s
0 ©
with € > 0. Let us now remark that we have
IVullpy+e < Cllewrlu| pre + (|Gl pye + [P (p)]| v+e)- (3.37)
In view of R. Coifman, P-.L. Lions and S. Semmes [19], the following map
Wl,Tl TN N % LT2 TN Wl,’l‘g TN N
(TV)N x L3 (T) — W (1) 59)

(a, b) — [aj, RZR]]bZ
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is continuous for any N > 2 as soon as e % Hence we have the following

T3 r1
estimates for N = 3:

t L t
/0 T RiRj)(pui) (s, )l Ly my, ) ds < C|PG+€U||L°°(L6+€)/O IVu(s)[| po—e (14l p(s) || Lo )ds,
(3.39)
with € > 0. We obtain finally:
log(p(t, x)) <log(||pollze=) + C[[(A)~ divimg| Lo + C[[(A) " div(pu)]| e

(3.40)
+ Cot + C|[Vul g2 zs) loull L2 o+,

4 A priori estimates for the velocity

4.1 Gain of integrability of the velocity «

We want here derive estimate of integrability on the velocity w. This idea has been
successively used in different papers, we refer in particularly to [43] and [52, 53]. To do
it, we multiply the momentum equation by u|u|P1 =2 and we get after integration by part:

1 t -2
— plulpl(t,fv)dwru/ / (Iul”l‘QIVuIQ(rzav)eri1 |u[P AV u? (¢, 2)) dedt
b1 JTN 0 JTN 4

t
—2
—I-)\/ / ((divu)2|u|pl_2(1€,:L‘)—i—p1 divu g u¢6i|u|2|u|p1_4(t,x))dtdx
o JT~ 2 -

t
- / / P(p) (divu|u|p1_2 + (p1 —2) Z uiukﬁiuk|u|p1_4) (t,x)dtdx
0 JT¥ ik

< / poluo|” dx.
TN

We have then by Young’s inequality:
)\(pl - 2) ! . 2 _4
—_ d g 0; Pr=2(t dtd
2 /0 /TN v - Ui Z‘u| ‘u| ( ,1‘)) *

—_9 [t
= )\pl / / divuu - V(‘u‘z)‘u’p1_4(t,$)dtdx <
2 o Jo~

-2 t 2 [t
AP (”/ / \divu\zyu\m—2dtdx+/ / IV |ul2 2[4 (¢, @) dtde)
2 2 )y Jrv nJo Jr~

If we choose:

n(p1 —2)A
4
for some s € (0, 1),by the fact that (divu)? < N|Vu|? we therefore obtain:

A =S+ A,

1 t
— plulPt(t, z)dx +AS/ / uPr=2|Vu|?(t, z)dtda
b1 JTN 0 JTN

t t
+Bs/ / Ju[Pr =4V |ul? ] (t, ) dadt S/ / P(p) (divu|u|pl_2
0 JTN o JTN

-2
P u‘V(|u]2)]u\p14)(t,x)dtd:c+/ po|uo|Prda,
TN

T

15



with Ag = (1 — sN) and B(s) = £ 14_2u — (fg(;if;}; . By Young inequality, we get again:

b1 JrN

t t
+BS/ / P AT 2R ) dedt < oﬁ/ P(p)2|u\p1_2dtd:v+/ poluo|P dz,
0 TN 0 TN TN

t
p|u\p1(t,x)dﬂc+A3/ / P2 VP, 2)dids
0o JTN

with Ce enough big. Now we want use the fact that V|u|%1 € L?(L?), which implies that
when N = 3 u € L' (L31). More precisely we have:

n P1 _
Doy < CUV () 2y +ny),

Ju o),

where ﬁpl) is the average of \u|p71 We have then by Hoélder’s inequalities with p§p_1 2 4

2(p1+1) =2 , 2 _ 1.
=1 and o +p1—1.

n2

3p1
t 2 2 2
| / P(p)[u?~2dtdz] < | P(0)?] »
0 JTN L2 (L2P1t1)

2
< |IP(p)]? [l
P1 (LP1+

%2 3p1
L e

LYY (L3r1y’
t

—~—

2 P1 21 2—-4
< CIPEI,, o (”V(‘u‘2)+‘u|2(')HL?(LQ))
l(Lpl

Remarking that [pnx podz = M # 0, we can write as v > g:

Nzt 1 1 L

[ul = (s) < 57 (lp(s )z Va2 (s, )l 2 +/ p(s, x)|u(s,z)| 2 dx),
TN

t ——2

([ lul? (s)ds)
0

N

1 P 1, L 1%1
< g WPl IVIulZ Mgz 2y + (M) lp7rull foo 101

We obtain then:

—

P 2—4
|P(p )II2 o (HV(IUI )+|U\2(-)IIL§(L2)) 7 <

P(LPAT
P14 P12 1 _
01||P(P)||i - )(HV(|U| M 2 (g2 + (M) 7 ||p”1u|\ﬁ}o(2m))
1+

2p1—4
2p1

By a standard application of Young inequality ( + ﬁ = 1), we obtain that:

P

t
L B, / P AV P )t < CLIPI oy 4 / poluo [P dz,
0 L 1

t
plulP (£, 2)dz + A, / 2| Vul2(t, o) dtda
N
’ (4.41)

where C¢; is big enough and depend of the time ¢.
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Case N =2

By proceeding similarly, we have for all ¢ > 1 in particular ¢ big:

r1
ol e < COUVIIE iy + 13p),
We have then by Hélder’s inequalities with 2p ;1 =) C ?511+4) =1and? ;12 + = =1:
! 2 2 2 2
P Pi=2dtdx| < || P pL=
L e S UPGR | P e
< |P(p)|? ul[Ph2
= ” (p)”Lfl(L(‘l—gzqﬁ’lﬁ"l)H HLP1 (Lar1)’
pL. L 2— 4
< C|IP(p)I? 2ap (V[ 2) + [ul 2 ()llz22))” -
Lfl(L<q72>p1+4)
and so:
1 t
L ¢, 2)d + A, / P 2Vl (¢, ) dtda
p1 JrwN 0
t
_ 1
+Bs/ [P |V ul (¢, 2)dedt < CZ,||P(p)||? 2gp; T — [ poluol”dw,
0 LY (L (a=2)p1+1) P1 JTN

(4.42)

4.2 Gain of derivatives on the velocity u

In this section we deal with the case N = 3. The case N = 2 follows the same lines. In
the sequel we will follow the procedure developped in [26] and [43] to get some energy
inequalities. The main idea compared with the results in [16, 17, 18] is to obtain energy
inequalities which depends only of the control on p € L. It implies that we have to
be carreful to not introduce some derivatives on the density in the goal to “kill” the
coupling between velocity and pressure. Multiplying first the equation of conservation of
momentum by f(t)0yu with f(t) = min(1,t) and integrating over (0,7) x TV we deduce
that:

/ / F(0)p|dul2dwds + 1/ () (,u\Vu(t,x)|2 (A )ldivul(t, ) da
/ / VP(p)- f(t)owudrds < / ) (u|Vu(t )2+ (A + u)|divu|2(t,a:))dxds

+/0 IV F(@®)p Orull 2 omy (I F @) p (w - V)ull 2wy + [V pgll L2y ) ds

(4.43)
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Next we use the equation of mass conservation to write:

/ VP(p)- f(t)Opudxds = —/ P(p) f(t)Opdivudzxds,
™ T

N

= —0; o f(t)P(p)divudx + o O(f(t)P(p))divudx

= -5, . f()P(p)divuds — " F)[div(P(p)u)divu + (pP' (p) — P(p))divu]da

+ f () P(p)divuda,
N

fFOP(p)u-V(G+ P(p))de

= —0¢ /TN f(&)P(p)divudx + BN Jow

- (2u-1M)2 /TN F@O(pP (p) — P(p))(G® = P(p)* + 2(A + 21) P(p)divu)dz

+ [ f(t)P(p)divude,
TN

If we define If(s) = s( fz(f)dz), we have then by mass equation:
9y (p) + div(If(p)u) + f(p)divu = 0.
By this fact we obtain that:
P(p)(u-VP(p) = 2(pP (p) — P(p))divu) = P(p)(—0:(P(p)) — 3P (p)pdivu + 2P(p)divu).
We have then:

/TN P(p)(u-VP(p) —2(pP (p) — P(p))divu)dz =

1 2
— 5 o Ot(P(p) )dl‘ + 3 o~ 8tH3P/(p)pd'r — 2/]TN ath(p)dx.

Next by integration by parts, we have:

1 s [%P(2)?
So:

[ PO - VP() =2 () = Plo)divads = [ o(P(s) =~ Thp )i
We set k(s) = P(s)? — %Hp(s). Let us observe that in the P, . case, we have k(s) =

a2 (27 — 3)/(27 = 1)).
We obtain finally:

/ VP(p)- f(t)Opudx = —8t/ f(t)P(p)divudz +
TN TN
1 1 ,
T2 Jou [P VGdz W/TN F(OP(p)(pF' (p) — P(p))dz
Gt o OGP 0 = P = o [ ks

+ /TN £ (t)P(p)divudz.

1
P 2#({% o f()k(p)dx

18



Inserting the above inequality in (4.43) and by Young’s inequality, we obtain:
! 1
/ / f(t)p|Opu|*dzds + / F@O) (0| Vu(t,z) | + (A + p)(divu(t, z))?)dz
0 TN 2 TN
1 t :
_— P(p)*(pP (p) — P
i |, L S OP@REP ()= Plo)dsds
/ f@®k(p(t,x))dx < C +/ F@&)P(p(t, z))divu(t, z)dx

t)k(p)dx — p)divud
+)\+2M/0/IFNf( ) / ’ﬂ‘Nf e

+C/ / F@&)(1pP (p) = P(p)|G* + | P(p)ul[ VG| + |y/pu - Vul?
0 JTN

)\—i—2,u

In the sequel we set:

(4.44)

:/ / f(t)p\@tulzdxds—i—;/ £ (uIVult, @) + (A + ) (diva(t, 2))?) de
0o JTN N

1 : ,
b [ SOPER P o)~ Ploaas +

We obtain finally:

AW < C+Cilloli=+C [ [ 76 (0P () = PG + P(p)ul| V6]

+ |vpu - Vul* + |\/pg|?)dzds.

<C+C/ (0P (p Pz IV F(5)Gll72 + F()llg(p) (s, )llzeellv/pull 2

X IVG|> + !\\/EUI!2L4!!\/ F(&)Vulza + ol f(5)g]z2)dwds,

<C+ C/O (1h(p(s, Lo IV F(s)Vulfz + F(s)lip(s, )z + f(s)I VGl 2
< |Ik(p(s, Nz + Ioullzallv () Vullza + llpllllv/f(s)gll72)dads,

where k(p) = i’p)), h(s) = |sP'(s) — P(s)| and i(s) = h(s)P(s)?.
VP

Estimates on Pu and G

/ FOR(p(t, 2))da
TN

(4.45)

We want now to obtains bounds on Pu and g, assuming that p is a priori bounded in
L>(TY). Indeed we wnat show that the control of A(t) in (4.45) depend only of a control

on [|pl| .
Next we use once more the equation of conservation of momentum to write:

pAu + (A + p)Vdive = P(poyu) + P(pu - Vu) — P(pg),

VG = Q(pdu) + Q(pu - Vu) — Q(pg).
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We recall here that P is the projector on free-divergence vector field and Q is the projector
on gradient vector field. Therefore we have:

IVGlizz + |APullz2 < Clip(s, )l 7o (IVPOsu(s:) |2 + [Vpu - Vuls, ) 2

1 (4.48)
+ (s, 7o llg(s: )lr2)-

The case N =3

For simplicity, we will treat only the case of the dimension 3. We recall that for all
1 <p < +oo:
IVullr < C([VPullzr + [[RG|zr + [ R(P(p)) | z»)-

where R is a pseudo differential operator of order 0 such that for all f € H!(T¥)
Jonx Rfdxz = 0. We want now to recall the Gagliardo-Nirenberg’s theorem:

Vf € HUTY) such that [ fdz =0, If1Bucon) < OIS fagom IV ey
We deduce that from Gagliardo-Nirenberg’s inequality, Young’s inequalities and (4.48):
IVpullZa V£ (5)Vulza < CFs)vpulza(IRP(p)7a + IV Pull s + | RG] 1)
< Cllvpull3a (FOIP@)Ga + (V) (IVul 2 + 1P(p)122))?
< (Vf(s)([[APull 2 + [VGI|12))?)
< C(fSINVPulZall P33+ ol M | VAulds (VIS (IVull 2 + [P(0)]12)2
% (VI (Ipdau(s)ll 2 + v/pu- Fuls, Mzz + lols, M1 (5 )122) ?)

< C(F()vpullZall P(p)l7a + %f(S)(HVUH%Q +1PP)7)los, Iz Iv/pull7a

T f () (IVA0su(s) 22 + Iv/u - Vuls, )2 + (s, Yo llgls, IZ=)). .
Hence we obtain by Young inequality from (4.48): ‘
F)k(p(s, )= [VG(s, )2 < %Hk(p(& Wieellols, M= f(s)
+ eIV f(s)pdsuls )72 + IV pf (s)u - Vuls, )72 + f(s)llp(s, ) [z lg(s, )I72)-
By adding (4.49) and (4.50), we obtain:
IVpullfallv/ f(s)Vullza + f(s) (s, ) = VG (s, )| 2 <
C(fs)vpulZallP(p)lI74 + %f(S)(HVUH%z +IPP)72)llp(s, M Eee v/Pull e

+ef () (Ivpdsu(s)IZ2 + llo(s, lzellg(s, )72)) + %f(S)Hk(P(Sa IS
X lp(s, )l

(4.50)
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From (4.42), we have:

1
IVpull g4y < Clipl foe ooy (1 + I1P(0) [ 1(s)- (4.52)

Therefore we have by using inequality (4.52), (4.45) and (4.51):

AW < C+C [ (ol Dl + gllols. e ot ul ) f9) |Vl

£ 2 F )P W llols, M loruls + FGIP(oLs, Nelipls, M+

1
< ptullZa + llp(s, )llLellg(s, )72 + ¢llo(s, )l )ds.

We have then by using (4.52)

t t
At) < O+ C(1+( /O 1P(p(s, )| meds)) /0 o(l1p(s =) F(8) (L + Va2
T IP(o(s, 22, + lg(s, 125 ds,

t t
<Cc+c( +/0 1P (p(s, -))HlLﬁoodS)/O S(llp(s, Mpe=)(A(s) + £(5)) + llg(s, )75 ds,
(4.54)
where C' depends of the time ¢ here and a > 0. Here ¢ is in C°(R4,R* ) N C(0, 00) such
that ¢(s) < M + Cs” for some positive M,C > 0 and 3 > 1. We define by F this type
of function. In the sequel as we will use a function ¢g with 3 € N it will means that
¢g € F. Gronwall’s lemma provides the following bound:

A(t) <O+ | PO(lp(s,)pee)ds [ é(llpls, Mpds + | ¢1(llpls, )| r=ds)
0 0 0

) . (4.55)
< exp(C(1+ / PU5( (s, )| ) ds) / 62(1lo(s, ) [ 2~)ds)),
0 0
where ¢1 € CO(Ry,R%) N CL(0, 00) such that ¢(s) > egs for some positive s.
Next we have for ¢35 € F with a enough big:
t t
/ PA(|lp(s. )| ) ds) / ba(llp(5. )| 1= )ds < ( / o3(l1p(5. )| =) ds)?.
0 0
< / 31195, ) )ds.
Finally from (4.55), we obtain:
t
A(t) < Cexp(C / ba(llo(5, )| p=)ds)). (4.56)

Control of supy_;<7 [N (t) [ pla|?(t, z)dz + [ [ [ (s)|Vu|>deds

In the sequel, we want obtain estimate on Vu in LlT(BM 0), that’s why we need of
additional regularity estimates. In this goal we follow the ideas of D. Hoff in [43]. We
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derive then estimates for the terms f(t)* [pn |@[*(t, 2)dz and fo Jon [N (s)|Val*dads.
First we rewrite the momentum equation on the following form:

pt — pAu — (A + p)Vdivu + VP(p) = pg.

We apply to the momentum equation the operator % = 0t + u -V, we recall here the
following equalities:

d . S N
—pi = p—id + Oypi + 0 Z@kp u®,
dt dt -

= pauj — pdivui?,
We have next: J
,uaAuj = pdAu? + Z o AuIu”
k

= w0 Au? + div(Aviu) — A/ divu),
and (where D = divu):

iajdivu = (A + 1)(0:0;D + div(9;Du) — 0;Ddivu),

()\+M)dt

We obtain finally:

%uj + 0;0,P(p) + divd; P(p) = p(d:Av? + div(Auw?u))
(4.57)
d
+ ()\ + u)(@tOjD + div(OjDu)) + p%g]

p

We shall make use of the following transport theorem if puw = f1 and if h = g(t), then:

// ~ s (hpw? dxds-// ~1 pw? + hw fy)dzds.
TN TN 2

We apply the previous result with:
fi =—0;0,P(p) —divo; P(p) + M(atAuj + div(Auju) + (A4 ) (0:0; D 4 div(0;Du)) + pg,

and with h(s) = f(s)"V, we obtain then by summing over j:

;ﬂWA @mwmwm—//szl 7 (s)plifdads

0 JTN

+ (A + w)[0;0,D + div(9;Du)] + pg’ | dxds.

Since fN1(s)f'(s) < f(s) we can apply (4.56) to bound the first term on the right. Next
by integrations by part we get:

t ¢
_/ F&)Ni (9;0,P + div(9; Pu))dsda = / F(s)N (0,0 0, P + 0,0 0; PuPdsdz,
N o JTN
= [ [ 560 P @ionp + izt yasis
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/ f( )NP [—0, uﬂ(ﬂaku + Oppul )—i-akujajpu |dxds,
TN
/ f(s P pDO; a4 8kpuka w — 8‘Puk8kuj]dxds,
']I‘N

/ F(s)N[P pD8;id — P(DOji? — djuFdyid)]dxds.
TN

This term is therefore bounded in absolute value by:
1
/ P(p)f(s)N|Vul*dzds)? / / f(s)N|va)? d:cds)
TN
< C. / P(p)f(s)N|Vul?(s, x)dwds+e/ / F()N|Va(s, z)|*dxds.
TN

The third term on the right side of (4.58) may be written:

t - . . -

— / NIV V] + (Vi - w)Aud]dds
0 JTN
= —u / NV - (V] + V (V- w)) + i), (uFuf, — (u]ul)g)|deds,
0 JTN
= —u/ fN[Vuj (V] + V(Vid - u)) + 0 (uFuf, — ulpu — wful,)]dzds,

// fNIVuJy2+M//f2IVu (|Va| + |D|)dxds.

The last term on the right side of (4.58) may be bound as follows:
t t )
- (A + u)/ / N(9;0,D + div(9; Du)dzds < —(\ + u)/ / N D?dzds
0 JTN o JTN
t
+ M/ / Y Vu2( Vil + | D])dads.
o JTN
It then follows by Young’s inequalities that:
t
fOY [ plaPeoa s [ [ 6 @TIE 0 )| DP)dods
TN o JTN
¢
< M[Co+ C.Cl PG+ [ [ Foyplifdads
o JT

+/Ot/ fN(s)\Vu]4dxds]++/t/ Y (s)plg[*dds,

M [Co + C.Co||P(p)|| 1= + A(t) // N (8)|Vu| dzds

+ /0 /T Y (s)plgfdds).

(4.59)
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In the sequel we recall that w = curlu. Next from the momentum equation, we obtain as
in the works of D. Hoff in [43]:

u|Vol? = p(div(wVw) + 8;(pwik) — oy (pwid ) 4+ p(i! dpw — iF9w).

Integrating we thus obtain:

' 2 ' 212
/0 /JTN f(s)|Vw|“dzds < M(/O /11‘N f(s)p*|a|*(s, z)dsdx (4.60)
< MlpllL=A(t).

Similarly we obtain:

sup () [ Vulde < 0([ Y @plifea)isde+ [0 ploft. o)

0<t<T

<M([ | 7Y@l ta)dsds + Clolo),

t
< M(Co+ CONPP + A0 + [ [ ¥ IVultdsds + Clol ).
0o JT

(4.61)
To complete the estimates (4.59) and (4.61), we will need of estimation on the term
fg Jov Y (8)|Vul(s, z)*dzdt and to conclude we will use (4.56).
Control of [} [ox fN(s)|Vul(s, z)*dzdt
We have then:

/ fN]Vu\4dsdx§/ / (RGO +wh)(s,2)+ [N (s)RP(p)*(s, z))dwds. (4.62)
0 JTv 0 JT~

Let focus us on the case N = 3. When N = 3 we can apply Gagliardo-Nirenberg, we
have then:

! 3(s s, z)dsdz tsg 295% 2$%
| [ rome o< [ o8] can([ | 1v6rata, .

3 t
< IVFOC 1O Gl [ [ FIVGI(s.aPdsda.
By the definition of G we obtain:

f(t) . G2(t,x)da < M| P(p)l L= (r2) + A(t)].

Moreover as (A + 2u)AG = div(p(a + g)), we have:

1 1
£0° [ 9GP < M@0l ([ plilta)de + ol [ Pt 0)do)
™ TN T~
(4.64)
We obtain finally by using (4.63) and (4.64):

/0 N F2(s)(RG) (s, w)dsdz < M|p|[Z (1 + A(t)?) (4.65)
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with o > 0.
A similar argument applies to the vorticity term, so that:

t
/0 - F2(8)IVul* (s, @)dsde < M|pl|feo (1 + A%(2) + |9l oo (22)+) (4.66)

From (4.56) and (4.59), (4.61), we can conclude that:

BOS? [ pliltoyde+ [ [ PETE + O+ 0 D)deds
< M[Co + CCo||P(p)l e + CCA(t)(1 + A(t)”)].

(4.67)

sup f(t) /]Vw| dx < M(Co+ C.Co||P(p)|lr= + At)C||pl| L

0<t<T (4.68)

+ €B(t) + CC.A(t)'9).
We can remark that all the inequalities (4.56), (4.60), (4.67) and (4.68) depend on the
control of ||p||ze. In the following subsection, we want explain that we can control p in
L™ in finite time.
Conclusion

We will treat by simplicity only the case N = 3. We want here to explain how to control
the norm L*° of the density p in finite time. From (3.36), we have:

log(p(t, x)) <log(||pollr=) + C’H(A)*ldivaHLm + CH(A)*ldiv(pu)HLoo

+CANWﬁ£MWM M, ds,

N+e,1

We have then by Sobolev embedding with € > 0, (4.42) and let p > 6 4 € with € > 0 and
q= W such that 1 —|— < % which means v > 6 :

H(A)_ldiV(PU)HL%O(Loo) < llpull pge (r3+e),

p—1

p-l 1
< ol g ooy lo7 ull Lge (v (4.69)
< CHPHLOO(M 1—|—/ IP(p(s,))||Gteds).

We can proceed similarly in the case N = 2 and v > 1 suffices.
We want show now that @ € L'(L?>¢), we have early:

[Vullze < [|Gllgs + |1P(p)|lLee + |lwlrs
1 1,
<|lpllf=llpzllp2 + llpllLe=llgllzz + 1P(p) Lo + [[Vw][z2.

We have then by interpolation with 6 small:

1-0 i 1,
FO72 (1Vull oo < [IVull T2 (o7 v/ F (Ol p2 |12 + llplloe gl 2
+1P(p)llzee + v/ F )|Vl g2)"
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We obtain then:

t t
Am%&&wm<my MSAHWQWmﬂW$Mma$

Mot
t
S/O s, Mg IVulla ol e F@ 05l 12 + ol g2
POz + VIOVl 2) e
< [lp5 u(s, o (zove) /Ot 10" % 8 oo IVl (V@) o2l 2 + [l e gl 2

+ Pl + VOVl p2)' P de

<0/nwi||wm NEads + A(t) /¢m)>mww<c+A /¢m> Mize)ds

By using the previous inequality and (3.36), (4.56) and (4.69) we conclude that:
t
logp(t,a) < O+ [ ollo(s)ll=)ds + AL,

sa+0mq4@mm»uw@»

with ¢ € F. We obtain then:

p(t, )] < crexp<jg 61(11p(3) 1<) ds). (4.70)

Denoting by w(t) the right-hand side of (4.70), we conclude that:

701 < Coa(llp(s)llze=)uw(t) < Cw(t)(M + Crw’(1)),

this because ¢ € F. We have then as w(t) > C:

aw(t)

At <M
wiHhE) =

so that there exists Ty such that for all T < Ty
10l oo (0,7 xTv) < O

Proof of (1.13) and (1.15)

We want get now solutions such that we control Vu in L!(BMO). To do it, we need of
additional regularity on the velocity. We will use again the technics introduced by D. Hoff
n [39]. The idea is to obtain some estimates by interpolation in “killing” the coupling
between pressure and velocity. First , we mollify initial data satisfying the conditions
of theorem 1.2 and then appeal to the result of [36] to otain a solution (p,u) defined at
least for small time. We want now derive estimates on the solution independent of the
mollifier and depending only on the initial data.
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In the sequel we will treat only by simplicity the case N = 3. Fixing the local in time
solution (p,u) described above on the interval [0, 7p] with Ty > 0, we therefore assume
throughout this section that 1< p < C with C' > 0. We define a differential operator
L acting on functions w : [0,7] x TV — TV by

Lw = 0 (pw) + div(pu ® w) — pAw — AVdivw,
and we define wy and wsy by:
Lwy =0, (w1)—=wuo, Lwz=-VP(p), (w2)/—0=0. (4.71)

We observe here that by uniqueness wi; +wg = u. Straightforward energy estimates then
show that:

To
sup / ]wl(t,:z:)\Qd:c—i—/ / |Vw1]2dxdt§0/ luo|2da (4.72)
0<t<Tp JTN 0o Jr~ TN
and:
To
sup / ]wg(t,x)IZd:L‘—i—/ / |Vws |2 dzdt < CT sup |P(p(t,-)[*. (4.73)
0<t<Tp JTN o Jrv 0<t

We shall derive (1.13) and (1.15) simultaneously as consequences of estimates for the
following quantities:

To
sup tl_k/ |Vw1(t,:r)|2d:c+/ / Ry |2 dzdt,
0<t<Tp TN 0o JrN

for k =0,1 and,
1
sup /|Vw2(t,$)|2dm+/ /|w2|2dmdt.
0<t<1 0

To derive these bounds, we multiply equation (4.71) for w; and we by w; and ws, re-
spectively and integrate. The details which are nearly identical to those in the previous
section are quite straightforward, the essential point being that the spatial gradient of p
must be avoided. Indeed the procedure of D. Hoff in [39] allows to “kill” the coupling
between the velocity and the pressure. The results are that with € > 0:

1 . t
/J,(Tk/|vw1(7',flf)’2d1)‘):;6+/ / |y |Pdadr <
2 0 TN

L t (4.74)
,uk/ / Tkl\Vw1|2da:dT+/ / ™| Vw; |2 Vu|dzdr,
20 Jo Jv o Jv

and

1 t
Q;L/ |Vw2(7',;v)|2d:v+/ / plie|2dzdr <
TN 0o JrN

(4.75)
t

/ P(p(t, ~))divw2(-,x)dﬂc‘g+/ / (Vw2 *|Vu| + |Vws||Vu|)dzdr,
™ o JTN
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By proceding exactly as in the previous section, we obtain the following results:

To
sup / \le(t,:):)lzdx—i—/ / i Pdadt < Clluols, (4.76)
0<t<Ty JTN 0 TN
To
sup t/ |Vw1(t7:v)|2dx+/ /t|u')1]2dxdt§0]uo||%g, (4.77)
0<t<Tp JTN 0
To
sup / |Vw2(t,a;)|2da:+/ / [rg|*daxdt < CCy, (4.78)
0<t<Tp JTN 0 TN

where C( depends only of the initial data. Now since the solution operator ug — wy (¢, -)
is linear, we can apply a standard Riesz-Thorin interpolation argument to deduce from
(4.76) and (4.77) that:

™ To
sup tl‘ﬁ/ [V (t, )| *dz + / / 1P ain |2dxdt < Cllug |- (4.79)
0<t<Tp o JTN
As u = wy + we, we then conclude from (4.78) and (4.79) that:
To
sup tlﬁ/ Vu(t, z)[*dx +/ / ' Plaf?dzdt < CColluo|%s- (4.80)
0<t<Tp ™~ o JIN
The next step is to obtain bounds for the terms
To
sup tzﬁ/ \Vu(t, z)|*dx +/ / 278\ Va2 dxdt
0<t<Tp TN o JIv

appearing in (1.13). To do this, we multiply the momentum equation of (1.1) by 2~
and integrate. The details are exactly as in the previous section, except now we apply
the 3 dependent smoothing rates established in (4.79). Combining these bounds with
(4.72), (4.73) and (4.79), we then obtain (1.13) for times ¢t < Ty. To prove (1.15), we
observe that for k£ = 0,1,

sup [Jwi(t, )| gx < Clluoll gws
0<t<1

by (4.72) and (4.76). Thus:

sup [lwi(t, )|l gs < Clluol| g,
0<t<1

for g €10,1]. As u = w; + wy, and applying (4.78) we obtain that:

sup [lwi(t, )|l gs < CCo,
0<t<1

and then for r € (2, ﬁ) in the case that 8 > 0, that:

sup ||u(r,-) — ul|rr < CCp.
0<t<1

This proves (1.15).
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Regularity on the gradient of the velocity u in L%FO (WhHe 4+ BMO) with a > N

Here we want examine the regularity of the gradient of the velocity and prove that Vu
is in Ly, (BMO) to prove (1.16). More precisely we will verify that the new variable
vy introduced in [36] called “effective velocity’ belongs in L%FO(WZO‘) with @ > N, let
Vouy € LYTy(L%°). We recall here the definition of v; introduced in [36].The idea of [36]
was to introduce a variable v; which allows to kill the coupling between the velocity and
the pressure in the momentum equation of (1.1).In this goal, we need to integrate the
pressure term in the study of the linearized equation of the momentum equation. To do
this, we will try to express the gradient of the pressure as a Laplacian term, so we set:

Av = VP(p).

We have then v = (A)~'VP(p) with (A)~! the inverse Laplacian with zero value on TV,

In the sequel we will set:
A+ 2u
V1T =UuU— .
v

We have then:
Au =VF +divw + (2u+ N)"IV(P(p)),

s (4.81)
= Avi + (2p+ )" V(P(p)).

We can easily show that fOTO |Vv||peedt < +oo if (1.13) holds.To see this, we apply
standard elliptic theory on v; and the fact that AG = div(pi — pg). We will use in
particular the fact that dive; = (A+2p)G and curlv; = w.We consider here only the case
N = 3. The case N = 2 follows the same lines. For some a > 3 and € > 0 determined
by a we have then:

[Vl < C
<C

IVFllze + [ Vellze),
loit, Yz + logllze + 1Vewze),

- l—c Lte
lollzwlat,-) = all 3 IVt )3 + lollz=liglze + I Vwllze),

1—e

l—e lte
[pllee ([, )3 + o 2 )V, )l 2 +llplleellglle + [[VwlLa),

<C

e e e

<C
We recall here that pi = pg, we have then as % > C on [0, Ty):

- |
U< ————pg.
||PHL°TC0

so that by using (1.13), we obtain:

TO TO 1—e 1+e€
/ \VmHLoodth/ t%l—s/ i|2dz) s (t“/ Val2de) " dt + Co,
0 0 ™ TN
To 1
< C(/ t?dt)2 + Co,
0

with s = % +e—1 (e >0) and where 43 = (s — 1)(1 — €) — (0 + €). The above integral
is therefore finite as 23 > —1. A similar result result holds for N = 2 with s > 0. Thus
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for the solution constructed in the previous section, f(;[ |Vvi(t,-)||edt is finite if (1.13)

holds, inf pg > ¢ > 0 and ug € H%“_l,with e > 0.
More precisely we have proved in fact that:

Vor € Lp(Wh*) — Lp(ByY). (4.82)

with o = N + 2¢ where € > 0.
As P(p) € L™ we deduce from (4.81) and the results of Calderon-Zygmund, that:

Vu € Ly, (BMO).

5 Proof of theorem 1.2

The above arguments are not rigorous, since we have to assume that p(¢,x) is positive
for all (¢,x). In order to deal with possibly vanishing densities, we remark that if we
assume as in [36] that pg is also bounded from below, we can get L> bounds for log p.
In that case, when N = 2,3, there exists Ty > 0 such that for all ¢t < Tj:

1
1ol oo (0,4 x TNy + H;HLOO((O,t)x’H‘N) < Ct. (5.83)

Thus p is also bounded from below for small enough times, so that vacuum does not
form on [0, Tp]. It follows that starting from a general bounded initial density pg, we can
apply the above arguments to a weak solution (p",u") corresponding to initial values
o = po + % and u? = up which converge strongly in L>(TY) to py and ug. In view
of the weak stability results of system (1.1) given by E. Feireisl et al in [30], p™ and
V/p'u" respectively converge to p and u in C([0, o), L4(TY)) and L?((0,Ty) x TY) for
allg<vy—1+ ZW’Y Hence the uniform L* bounds on p™ yield L* bounds on p.

In the above formal derivations, we assumed that there exists global weak solutions of
(1.1). This problem does not occur when we take v larger than % via the works of Feireisl
et al in [30]. When 1 < v < &, we can approximate solutions of (1.1) by a global weak
solutions of (1.1) by a global weak solution (p™,u") corresponding to a modified pressure
law that satisfies:

Palp) = P(o) + - % (5.84)

and the same initial data (po,up). Applying the above arguments on (p", u"), we obtain
all the uniform bounds for p™ and " on [0, Tp], where Ty does not depend on n.As a result,
we also have uniform L?((0,Ty) x TV) bounds on Vu™ and L*>(0, Ty, L?(TV)) bounds on
V/P"u". Hence the weak stability results hold since the initial data are not functions of n
and (p™,u™) converge to (p,u) in L2((0,Tp) x TN)N+1 where (p,u) is a solution of (1.1)
on (0,Tp). We refer to [50] for complete details of the stability proof. Let us emphasize
that one of the key arguments for proving weak stability of solutions of (1.1) is to obtain
uniform L2((0,Tp) x TV) bounds on p" to renormalize the transport equation. This is
the case here as we have uniforms bounds on the density in L>((0,Tp) x TV).
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6 Proof of corollary 1

6.0.1 Control of p € L*(Bg, )

In view of proposition 2.6 where in our case h(p) = P(p), we have for all ¢ € [0,7] and
O<e<:

1Pl zeo(pe, .y =€ VO +lpoll e, (6.85)
where V(¢ fo (||Vu 7)||zee + |[divey ()|l Be, . + [lp(T )HSLOO)dT where s the smallest
integer such that P' € W%, We have seen by (4.82) that Vo, € L'(0,T, B, ) with

€ > 0, the main difficulty is to control Vu € L'(0,T, L°°), for this we recall that:
IVull Ly oy < IVOrllLese ) + HP(P)HLlT(BgoJ)v
< 1Yol s, oy + ol oy Il o0 -
Unsurprisingly the result comes from the well known following estimate: Next we have:

lp()ll By, o

oo, | < Clip()llpy, ., log(e +
> ’ lo(®)llsg. .

and we recall the following inequality:
0 1
Vo >0, V6 > 0, log(e + ;) <log(e + 5)(1 +logd).

We obtain then from the previous inequality
1

(1 -+ logle()lloz. <)) ogle + g7

le@®llse, , < llo®)] 5y

00,00

Let X (¢ fo lp(s HBgo!lds, we have then:

V(t) < O(X(t) +/0 (1901 (7)o + ldives (7)o, _)dr).

Combining (6.85) and the previous inequality leads to:

N
lp(s)]l B, ..

t t
< / 10(3) s, (1+ CX(t) + C / (19017 [z + ldivor (7)] e, )dr
0 ’ 0
o
FoIrm

t
< /0 lo(s)llmy, _ (1+CV () +log(1 + [lpolls ) log(e + )ds,

+log(1+ [lpoll e, ..)) log(e + )ds.

Applying Gronwall inequality and inequality (4.82) shows that:

1

oI

t
X(t) < Crpexp(C / lo(s) 130, _ log(e +
0 |
t
< Crpexp(C / (14 [1p(3) | 1< )ds),
0
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where C} o depnds only of the time ¢ and the initial data. As p € L°(L>), we conclude
that X (t) < C; and by this way we have proved that:

ol s (Be. ) < Cors (6.86)
where Cy o depnds only of the time 7" and the initial data.

6.0.2 Control of p € Ll(B}VJ)

In this case, we need to show for the sequel that p € LOO(B}V,I), and for this we proceed
exactly as previous. Indeed as pg € lev,p by proceding as in the previous section we can
show that p € L%O(B}V’l). Next by using proposition 2.6, we obtain the fact that:

1ol ey, ) < "D+ laoll, ). (6.87)

. T
with V(T) = [y (IVoi(7)ll rre, + lla(7)llBg, ).

6.1 Uniqueness

We now discuss the uniqueness of the solutions of theorem 1.2.For this we want use the
result of P. Germain [31] which is a result of weak-strong uniqueness. In the sequel we
will note (p1,u1) the solution of the theorem 1.2 which exits on the time interval [0, Tp].
We have shown that our solution check p € L°°(L*°). By theorem 1.2, we obtain that
our solution verify the following inequalities:

sup [ ot allutt, o)+ [P(o(t, )| + o0)[Vu(t, o) P
N

0<t<+oco
+ s [ Got )@ (it o) + Vet 2) e 6.55)

+oo
+/ / []Vu|2 + f(s)p|in|2 + |w\2) + 0N|V1'L]2]dxdt
0 N

< C(Co+Cy)’,

and we obtain moreover:

Vpou € LH(LA(TY)),

ViPu e L2 (H?(TV)),

VG = VE[(X + 2p)divu — P(p)] € LA(HY(TV)),

Vivu e LF(L*(TV)),
Now by the result of P. Germain in [31], we are able to prove that (p,u) = (p1,u1)
on [0,7p]. To see this we have just to verify that (p1,u; verify the conditions of the

theorem 2.2 of [31]. For simplicity we prove only the result for N = 3. We know that
Vp1 € L®(Bjy,) — L%’J(LN) and Vu; € LlTO(LOO). The main thing is to see that

Vitig € L7, (LY).
We recall by Gagliardo-Nirenberg inequalities that:

(6.89)

Villinllgs < (¢35 [nl =) (272 [ Vi | 2) 215,
From the inequalities (1.13), we deduce that v/ti; € L?(L3).
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7 Proof of theorem 1.3

7.1 How to obtain a regularizing effect on v; when p € L>(L?)

For the moment, we don’t give conditions on ¢, we will precise his value in the sequel of
the proof.

We want now use our change of variable v; introduced in the previous sections. The
interest of this new variable is to "kill” in a certain way the coupling velocity-pressure.
In this goal, we can now rewrite the momentum equation of system (1.1). We obtain
then the following equation where we have set v = 2u + A:

pou + pu - Vu — ,uA(u — %fu) — (A + ,u)Vdiv(u — %v) = pg,

where we recall that v = (A)~}(VP(p)) with (A)~! the inverse Laplacian with zero mean
value on TV. As vy = u — %’U we have:

1
pOv1 + pu - Vu — pAvy — (A 4 p)Vdivey = pg — —p@tv.

As dive = f’]I‘N p)dz, from the transport equation we obtain:

divoyw = —Pl(p)pdivu —VP(p)-u+ P ( )pdivu + V]j(\)/

= —div(P(p)u) + (P(p) — pP'(p))divu — P(p)divu + pP’(p))divu.

In the sequel we will need to use the Bogovskii operator that we note A~! (see [56] p168
for a definition), we obtain then:

e~ e~

Opv = A_l( — div(P(p)u) + (P(p) — pP (p))divu — P(p)divu + pP’ (p))divu).  (7.90)
We get finally

1
poyv1 — wAvy — (A + p)Vdivey = pg — pu - Vu — ;patv. (7.91)

We set f(t) = min(¢,1) and we remark that f(0) = 0. We multiply then (7.91) by
f(t)9v1 and integrating on (0,T) x TV we obtain where & = i + \:

/ t L, 1o Pdeds+ 5 [ 10Vt + €diven(ta)do <
0 JTN TN
t
/0 /TN j‘"l(s)(u]Vful(t,glc)|2 +§(divv1)2(t, x))dxds (7.92)
t t
+/0 /11‘N pu - Vu f(s)0vidrds +/0 /TN (pg — %p@sv)f(s)asvldacds.

We have then as P(p) € L?(L?) and by bootstrap:
/ / £(8)p|0sv1|*dads + = / F@) (1 Vor(t, z)? + €(diver)?(t, z) ) do <
t
C(1+/ / f(s)p\u-Vvl\dedS—i—/ / f(s)plu - Vo|*dads (7.93)
0 JTN

// F(8)p(gl? + |950]2)dexds).
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We have next to control the terms on the right hand side of (7.92). In the sequel we will
for simplicity treat only the case N = 3. We can recall now that from the works of A.
Mellet and A. Vasseur in [53], we control the velocity u in L>°(L*°) as we have assume
that p € L®(L3"€) with € > 0. In fact from the 1nequahty (4.42), we could get a gain

on ppu € L°°(LP) with p arbitrary big if P(p) € Lp(Lp+1) and in our case il will be the
case as we assume that P(p) € L°°(L3). For the simplicity of the calculus we assume

1
that w € L{°(L>). In fact we have only pru € L*(LP) for p arbitrarily large, but in
the sequel all the expressions to treat are of the form pu. It would suffice to apply the

Holder’s inequalities with plf%(p%u). We begin now with:
t t
/ / u-Vupf(s)dsvidrds = / / (u- Vo +u-V(A)IV(P(p)) pf(s)dsvidads.
0 JTN 0o JTN

Estimates on the term [, [i.vu- V(A)"'V(P(p)) pf(s)vrdzds

We start with treating the easier term:

t
‘ / /N u-V(A)TIV(P(p)) pf(s)@tvlda:ds‘
0 JT
< CaH v t pup(p)H%f(LQ(TN)) + Oé”\/matvlnig(L%'EN)y (794)
< Cotl 2 gy ey Wl )+ /T @000 2 vy
with 2 4 o < 3 (let ¢ > 2y + 1),

Regularizing effect on Av;

We want here using the regularizing effect on v;. To do it we use the momentum equation
(7.91) and we have:

pAvy + (A 4 p)Vdive, = pdywy + pu - Vg + pu - V(A) "IV (P(p)) — pg + S&w. (7.95)

We want use now the ellipticity of 7.95), for this we recall that we can hope only

9
Vpf(t)ow € L?(L?). We set then == % + 2—1(1 and we have:

1
1Av1[ze < [lpll ZallvPOrvilize + lull oo llpll Lol Vil Lo + ol allull o llpl 2o 7.96)
+ lpllza (10wl La + [lgllzar),

with the following conditions: %—kq% <3 L (let 11 =1- ZL) and X R 1< % (let ¢ > 2y+1).
Next by Gagliardo-Nirenberg, we have

VoL e < [|Vor|[$2]|Av 156, (7.97)

with: q% =3+ 2%1 — £+ £ where € €]0,1[. We can now estimate the following term

Jo IN/F(S)pu - Vo |22ds.
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Estimate on the term fg v/ f(s)pu - Voi||2,ds
We have then by using (7.97) where € is defined such that q% =1+ Z—Iq — 2+ ¢ and (7.96):

IV F(s)pu- Vorl2a < lpllallull}e | VF () VorlFa
< ol llull2oe £(8) [ Vor |28 | Avy 35,
< CllplallulZe F)IV01112 (1ol Za 10501 22 + llow - oyl 2
+lplzallullz=lollLe + ol za (100 zan + llgllzar)) >,

Next by Young inequality, we get:

2 2 1—¢
IV f(s)pu - Vorll7z < Caf(s)lpllfallullfoe IVorl72 (1 + lloll 5 )
+al[V/F(s)pdonllFz + allV/f(s)pu - Vi |72 + allpllZdl[ullz 1 olI7; (7.98)
+allplze(IV ()l Zar + gl Za),

Here « is very small and C, can be very big. Now from (7.90), we have:

IVF($)dwrlin < IV F() P(o)ulia + IV F(s)AT(P(p) = pP (p)diva) 7o

We have then:

IVF()AT (P(p) = pP (p))divu) |7 < F(s)llpl T [ divullZ2, (7.99)
where T + 3—1< qil (let ¢ > 3v + 2). We treat similarly the term ||/ f(s)P(p)ul|2s, .
Now from (7.93), (7.94), (7.98) and (7 99), we have:

t
/0 / F(5)|0s0n Pdds + & / F(0) (1 Von ()2 + E(diven) (¢, 7)) da <

1+// f(s)plu- Vo d:nds+// F(8)p(|gl* + |0sv]?)dxds).

By proceeding as in the previous terms for fot Jon F(8)p(lg]* + |0sv|?)dads, we conclude
that if ¢ > 3~v + % then:

(7.100)

/t/ £(5)p|0sv1Pdds + ;/ @) (I Vot 2)|? + &(diver) (¢, ) ) dz < Cy,
0 JTN TN

(7.101)
where C; depends on t.

Control on the norm p € L™

Next we come back to equation (3.35) to get a control in norm L* on the density, more
precisely we have:

log(p(t, ) < log(HpoHLoo) +C(A) " divmoll + C[(A) " div(pu)||

vo[ 4 7 VTG Bl ) s

(7.102)
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Easily, we have by Sobolev embedding and (4.42) with € > 0:
1(A) 7 div(pu) || e < [|pullpoe s+
< lplloe (zayllull oo (ooys

as q > 3.
We recall then from the previous section that /f(s)Av; € L?(LP) with 113 =1+ 2%1, by
Gagliardo-Nirenberg inequality we have:

IVorllzee < | Avr |11 Vou|fe,

with L =1+ 2—1(1 — 1+ £. We have then by using the results of R. Coifman et al in [19]:

@ 2
(F(DEE(00) ReRi)(pus) s, Yl < 90151/ F(5) Ao 15 7103
< lpllpallullzees
with %+ q% = %+ 2%] — % +35< %, which means for € enough small ¢ > 9. We have finally:
|

1_ e
———f(s)2 2||[(v1);, RiR;](pui) (s, ) | ds| < Cllpll Lo (o) l|wll oo (noe)

IV01llz2 a1V F () Avi I3

We proceed similarly for the term ||[(v;, RiR;](pui)(s, )| z1(z). This term is crucial
because it gives the value of ¢ that we must choose. Indeed we have the results of R.
Coifman et al in [19] if ¢ < 37:

I1(A) =V (P(p))j, RiRj] (pua) (s, Mlwrs < llollFallllullzellpllze,

with % +1< . We need then that ¢ > 3(y + 1) and that p € L7TH(L9).
If we summarize all the inequalities on ¢, we need that p € L*°(L?) with ¢ > 3y + % this

from the previous section. Moreover as we want that p%u € L*°(LP) for any arbitrarly
large p, we need that p € L>°(L3Y). From this section we have shown that we must have
pE Loo(L9+5) N L7+1(L3(’Y+1+6)).

Finally under theses conditions we control |log p[1¢,>1} € L> by the fact that ¢ > 3(y+1)
and ¢ > 9. We have then obtained the fact that p € L°°. Now it is easy to control
% € L*°(L®), it suffices to minore log p. To do this we have just to proceed similarly
than previous and to observe taht P(p) € L*°.

It means that p € L™ and * € L, from theorem 1.2 we have seen that the inequality
(1.10) and (1.11) are preserved during the time if p € L*°. We can now assume that
(p,u) verify (1.10) and (1.11). We want now prove the uniqueness of this solution.

7.2 Uniqueness

We want prove now the result of uniqueness. To do it we want use the result of P.
Germain in [31]. In the sequel we will note (p1,u1) the solution of the theorem 1.2 which
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exits on the time interval [0,7p]. We have shown that our solution check p € L% (L>).
By theorem 1.2, we obtain that our solution verify the following inequalities:

swp [ ottt o) + [P(o(t, )| + )| Vult, o) Pda
TN

0<t<+o0
1 N . 2 2
b [ o) @) (it o) + V(e a) e (7100

+oo
+ / / [Vl + £(s)(plf? + [Vel?) + £ ()| Vil dudt
0 TN
< C(Co+C,)Y,

and:
1
Sup/ 5ot 2)lult, )2 + [P(p(t, 2)] + 272 | Vu(t, z) *da
>0 JTN 2
1 :
+osup [ ottt (plaft, o)+l o) P)da (7.105)
0<t<Ty JTN
+oo
+/ / (IVul? + 272 ~¢|af2 + 7| Va2|dadt < C(Co + Cy)?,
0 TN
where: N
c=3———¢ if N=2,
2 N 5 (7.106)
J:max(3—§—e,6—§N—3e), it N =3,
and:
sup [u(t, )|y 1, <CCY and  sup [prult,)]|rr < C(r)CE, (7.107)
0<t<Tp "z 0<t<Tpo
with r € (1,4]. Moreover we have:
VB0 € LA(LA(TY)),
ViPu € LA(H*(TVY)),
T(H(T™)) (7.108)

VIG = V(A + 2u)divu — P(p)] € LE(H(TV)),
Vivu e LE(L*(TV)),

From the previous section, we have seen that p € L* and % € L*. To finish, by

proceeding as in the section 7?7, we are able to show that p € LOO(B]I\,J’T) with € > 0.

Now by the result of P. Germain in [31], we are able to prove that if (p,u) and (p1,u1)
are two such solutions verifying all the previous estimates on [0, Tp] then (p,u) = (p1,u1)
on [0,7p]. To see this we have just to verify that (pj,u;) verify the conditions of the
theorem 2.2 of [31]. For simplicity we prove only the result for N = 3. We know
that Vp1 € L*(Bj ;) — LF, (LN) and Vu; € Lk o (L%°). In fact to prove that Vu; €
Ly, (L*°), we have just to observe that Vu; = V(v )1 + V1, but by following the same
process as in the previous section, we know that V(vq); € L. o (L), Nex we recall that
Vv = V(A)"IVP(p;) and as p; € LN LOO(B}VJT) we have P(pl) € LOO(B1+€) and so
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v € L (B}VJT) which means that Voy € LF (Bfy ;) — L3 (L>). We conclude then that
Vuy € LE (L*).

The second thing is that we control Vp; € L™ (L?) as in the theorem 2.2 of [31]. The
main thing is now to see that v/t1; € L%O (L3).

We recall by Gagliardo-Nirenberg inequalities that:

Vil s < (8375 [[an]] 2)2 (4172 Vi [ 2) 22,

From the inequalities (7.105), we deduce that (t%_é HU1HL2)% € L} (L*) and (t%_g Hvuly\LQ)% €
L4T0 (L*) which means that v/t € LQTO(L?’).

We have proved then that by using the results of [31] that (p,u) = (p1,u1) on [0, Tp] for

all Ty > 0 which conclude the proof.
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