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Existence of strong solutions for nonisothermal
Korteweg system

BoRris HAsSPOT

ABSTRACT. This work is devoted to the study of the initial boundary
value problem for a general non isothermal model of capillary fluids
derived by J. E Dunn and J. Serrin (1985) in [9, 16], which can be
used as a phase transition model.

We distinguish two cases, when the physical coefficients depend only
on the density, and the general case. In the first case we can work in
critical scaling spaces, and we prove global existence of solution and
uniqueness for data close to a stable equilibrium. For general data,
existence and uniqueness is stated on a short time interval.

In the general case with physical coefficients depending on density
and on temperature, additional regularity is required to control the
temperature in L>° norm. We prove global existence of solution close
to a stable equilibrium and local in time existence of solution with
more general data. Uniqueness is also obtained.

FExistence de solutions fortes pour le systéme de Korteweg

REsuME. Ce travail est consacré a I’étude d’un modele de fluide com-
pressible non isotherme avec un terme de capillarité dérivé par J. E
Dunn et J. Serrin (1985) dans [9, 16], qui peut-étre utilisé comme un
modele de transition de phase.

Nous distinguons deux cas en fonction que les coefficients physiques
ne dépendent que de la densité ou non. Dans le premier cas nous
travaillons dans des espaces critiques et prouvons l’existence de solu-
tions fortes proches d’un état d’équilibre. Pour des données grandes
on montre ’existence et 'unicité de solutions en temps fini.

Dans le cas général ou les coefficients physiques dépendent & la fois de
la densité et de la température, des données initiales plus régulieres
sont nécessaires afin de controler la norme L de la température. Nous
prouvons alors 'existence de solutions fortes globales avec données
petites ainsi que ’existence de solutions fortes avec données initiales
grandes sur un intervalle de temps fini.

Keywords: PDE, Harmonic analysis.
Math. classification: 00X99.
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1. Introduction

1.1. Derivation of the Korteweg model

We are concerned with compressible fluids endowed with internal capillar-
ity. The model we consider originates from the XIXth century work by van
der Waals and Korteweg [14] and was actually derived in its modern form
in the 1980s using the second gradient theory, see for instance [13, 17]. Let
us consider a fluid of density p > 0, velocity field u € R (N > 2), entropy
density e, and temperature 6 = (%) - Korteweg-type models are based on
an extended version of nonequilibrium thermodynamics, which assumes
that the energy of the fluid not only depends on standard variables but
on the gradient of the density. We note w = Vp and we suppose that e
depends on the density p, on the entropy specific s, and on w. In terms
of the free energy, this principle takes the form of a generalized Gibbs
relation :

- 1
de =Tds + %dp—}— —¢" - dw
p p

where 7T is the temperature, p the pressure, ¢ a vector column of RV and
¢* the adjoint vector and w stands for Vp. In the same way we can write
a differential equation for the intern energy per unit volume, E = pe,

dE = TdS + gdp + ¢* - dw

where S = ps is the entropy per unit volume and g = e — sT + B is the
chemical potential. In terms of the free energy, the Gibbs principle gives
us:

dF = —SdT + gdp + ¢* - dw.

In the present paper, we shall make the hypothesis that: ¢ = kw. The
nonnegative coefficient « is called the capillarity and may depend on both
p and T. All the thermodynamic quantities are sum of their classic version
(it means independent of w) and of one term in |w|?. In this case the free
energy F' decomposes into a standard part Fy and an additional term due
to gradients of density:

1
F=Fy+ 55\1012.
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We denote v = 1 the specific volume and k = vx. Similar decompositions
hold for S, p and g¢:

1 , ,
pP=Dpo— iKp|w‘2 where: Kp = kv and pg = _(fO)U

1 - o
9:90+§Kglw|2 where: K. =k — Tk and eg :fO—T(fo)f-

The model deriving from a Cahn-Hilliard like free energy (see the pioneer-
ing work by J. E. Dunn and J. Serrin in [9] and also in [1, 4, 10]), the
conservation of mass, momentum and energy read:

Op + div(pu) = 0,
O(pu) + div(pu @ u + pI) = div(K + D) + pf,
ai(p(e + gu?)) + div(u(pe + 5plul® +p)) = div((D + K) -u — Q + W)

+of-u,
with:
D = (Mdivu)I + p(*Vu + Vu), is the diffusion tensor
K = (pdivg)I — ¢pw™, is the Korteweg tensor
Q= —an, is the heat flux.
The term

W = (Owp+u"-Vp)op = —(pdivu)ep

is the intersticial work which is needed in order to ensure the entropy
balance and was first introduced by Dunn and Serrin in [9].

The coefficients (A, ) represent the viscosity of the fluid and may depend
on both the density p and the temperature T. The thermal coefficient n is
a given non negative function of the temperature T and of the density p-
Differentiating formally the equation of conservation of the mass, we obtain
a law of conservation for w:

Oyw + div(uw® + pdu) =0 .

One may obtain an equation for e by using the mass and momentum
conservation laws and the relations:

div((—=pI + K+ D)u) = (div(—pI + K+ D)) -u—pdiv(u) + (K + D) : Vu .
Multiplying the momentum equation by u yields:

o L ey g Pl plul?
(div(—pI+K+D))-u = (0¢(pu)+div(puu®))-u = 0y )+div( u) .
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We obtain then:
p(Ore +u* - Ve) +pdivu = (K + D) : Vu+div(lW — Q) .
By substituting K, we have (with the summation convention over repeated
indices):
K : Vu = pdive divu — ¢;w;0;u; ,

while:

—divIV = div((pdivu)¢) = p(dive)(divu) + (w* - ¢)divu + ¢; p 07 u;.
By using w; = 0jp, we obtain:

K :Vu—diviV = —(w* - ¢)divu — ¢;0;(p0;iu;)
= —(w* - ¢)divu — (div(pdu)) - ¢.

Finally, the equation for e rewrites:

p(Oe +u* - Ve) + (p+ w* - ¢)divu = D : Vu — (div(pdu)) - ¢ — div@Q .

From now on, we shall denote: d; = 0y + u* - V.

1.2. The case of a generalized Van der Waals law

From now on, we assume that there exist two functions Il and II; such
that:

po =TI (v) + TTy(v),
eo = —Ilo(v) + o(T) — T (T),
and that the capillarity £ doesn’t depend on the temperature. Moreover
we suppose that the intern specific energy is an increasing function of 7"

(A) U'(T) > 0 with U(T) = o(T) — T (T).

We then set § = ¥(T') and we search to obtain an equation on 6.

Obtaining an equation for 6 :

As: )
e=—Ip(v) + 60 + inlw\Q,
we thus have:

/ 1 !
die = =1l (v)dv + di0 + §nv\w\2dtv + rw” - dyw .
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By a direct calculus we find:
dw = vdivu and w* - dyw = —|w|*divu — div(pdu) - w .
Then we have:
dif = dye + v(p — TIIL, (v))divu + slw|>dive + rdiv(pdu) - w.

And by using the third equation of the system, we get an equation on 6:

dif + vdivQ + vTTI; (v)dive = vD : Vu + div(pdu) - (kw — v¢) + (k|w|?

—ovw* - ¢p)divu .
But as we have ¢ = kw and k = vk we conclude that:
dyf — vdiv(xV0) + v¥ 1 (O)IT; (v)dive = vD : Vu

with: x(p,0) = n(p, T)(¥~1)'(9) -

Obtaining a system for p, u, 6:

We obtain then for the momentum equation:
divD N Vpo  divK N 1 V(Kpwl|?)

p p p 2 P
And by a calculus we check that:

/
where Kp =k — pk,,.

dtu —

1 /
divK + §V(Kp|w|2) = pV(kAp) + gV(/{p]VpIQ).

Finally we have obtained the following system:

Op + div(pu) = 0,
: —1
Ou~+u-Vu— divD V(kAp) + ViPolp) + \I; ()P ()
(NK) K
= V(5 IVo),
00 +u- V0 — dw(’;vm +u-1(p 2l 1p(" ) div(u) = 22V :pV“,

where: Py = II;, P, = IT; and T = ¥~1(9). We supplement (NK) with

initial conditions:

Pri=0 = po > 0 wj—g = uo, and 0,_¢ = bp.
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2. Mathematical results

Before getting into the heart of mathematical results, let us derive the
physical energy bounds of the (NK) system when  is a constant and
where the pressure just depends on the density to simplify. Let p > 0 be
a constant reference density, and let II be defined by:

1) = s [ a - )

p

Multiplying the equation of momentum conservation in the system (NK)
by pu and integrating by parts over RY, we obtain the following estimate:

[ (Golul + 0+ o) =TI + S1VpP) iz +2 [ [ uD(w)

mo?
2p

D(w)+ (A+ p)ldivl)do < [ (50 + pof + (11{p0) ~ 11(7))

K
+§|Vp0’2)dx‘

In the case k > 0, the above inequality gives a control of the density in
L>(0, 00, H'(RN)). Hence, in contrast to the non capillary case one can
easily pass to the limit in the pressure term. However let us emphasize at
this point that the above a priori bounds do not provide any L control on
the density from below or from above. Indeed, even in dimension N = 2,
H' functions are not necessarily locally bounded. Thus, vacuum patches
are likely to form in the fluid in spite of the presence of capillary forces,
which are expected to smooth out the density. Danchin and Desjardins
show in [8] that the isothermal model has weak solutions if there exists ¢;
and M such that:

c <|p| <M and |p—1] << 1.

The vacuum is one of the main difficulties to get weak solutions, and
the problem remains open. Existence of strong solution with x, y and A
constant is known since the work by Hattori an Li in [11], [12] in the whole
space RV, In [8], Danchin and Desjardins study the well-posedness of the
problem for the isothermal case with constant coefficients in critical Besov
spaces.

Here we want to investigate the well-posedness of the full non isothermal
problem in critical spaces, that is, in spaces which are invariant by the
scaling of Korteweg’s system. Recall that such an approach is now classical

6
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for incompressible Navier-Stokes equation and yields local well-posedness
(or global well-posedness for small data) in spaces with minimal regularity.
Let us explain precisely the scaling of Korteweg’s system. We can easily
check that, if (p,u, 8) solves (NK), so does (px, uy,0y), where:

poa(t, ) = p(\°t, Ax) | up(t,z) = du(N’t, A\x) and 0)(t,z) = A>0(\*t, \x)
provided the pressure laws Py, P; have been changed into A2 Py, A\2P;.

Definition 2.1. We say that a functional space is critical with respect to
the scaling of the equation if the associated norm is invariant under the
transformation:

(p7u7 9) — (p)\vu)\v 9)\)

(up to a constant independent of \).

This suggests us to choose initial data (pg, ug, fy) in spaces whose norm
is invariant for all A > 0 by (po, uo,0) — (po(\-), Aug(A-), A2 (\-)).
A natural candidate is the homogeneous Sobolev space HV/2x (H N/2=1)N o
HN/2=2 but since HV/2 is not included in L, we cannot expect to get
L control on the density as on the vacuum when py € H™/2. Indeed a
control on the vacuum will aloow us to benefit from the parabolicity of
the momentum equation, and a control L™ on the density is indispens-
able for considerations of pointwise multipliers of Besov spaces. The same
problem occurs in the equation for the temperature when dealing with the
non linear term involving U~1(9).
This is the reason why, instead of the classical homogeneous Sobolev space
H*(RYN), we will consider homogeneous Besov spaces with the same de-
rivative index B® = Bg,l(RN ) (for the corresponding definition we refer to
section 4). One of the nice property of B* spaces for critical exponent s is
that BN/2 is an algebra embedded in L™ (and it’s the only Besov spaces
with our critical regularity index) . This allows to control the density from
below and from above, without requiring more regularity on derivatives of
p. For similar reasons, we shall take 6y in BY in the general case where ap-
pear non-linear terms in function of the temperature. Since a global in time
approach does not seem to be accessible for general data, we will mainly
consider the global well-posedness problem for initial data close enough to
stable equilibria (Section 5). This motivates the following definition:
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Definition 2.2. Let p > 0, § > 0. We will note in the sequel:

q= ptp and T =6 —86.

p
One can now state the main results of the paper. The first two theorems
concern the global existence and uniqueness of solution to the Korteweg’s
system with small initial data. We are interested here by the specific case
where ¥ depends linearly on T (that is W(T) = AT). In the appendix 6
we treat the general case by explaining the changes to make on the initial

temperature data in particular.

Theorem 2.3. Let N > 3. Assume that all the physical coefficients are
smooth functions depending only on the density. Let p > 0 be such that:

k(p) >0, p(p) >0, Ap)+2u(p) >0, n(p)>0 and 8,P(p) > 0.

Moreover suppose that:

qo € E%_l’%, ug € B%_l, T € E%_l’%_Q.
There exists an n depending only on the physical coefficients (that we will
precise later) such that if:

HQOHE%—L% + ||u0”§%—1 + Hﬂ-O”E%_l,%—z <n

then (NK) has a unique global solution (q,u,n) in EN/? where E® is
defined by:

E* =[Cy(Ry, B 1Y) N LY R, BT+ x [Cy(Ry, B 1)V
L'(Ry, BTN x [Cy(Ry, BSH*72)n LN Ry, BST)).

Remark 2.4. Above, Bt stands for a Besov space with regularity B® in
low frequencies and B! in high frequencies (see definition 3.4). Here it is
crucial to use hybrid Besov spaces. Indeed we have to take in account
the behavior in low and high frequencies of the linear part associated to
the system. For example, to control the pressure term requires to work in
good adapted spaces in frequencies if we want use paraproduct technics.
To finish we can observe that our initial data respect the scaling associates
to the system for high frequencies.

The case N = 2 requires more regular initial data because of technical
problems involving some nonlinear terms in the temperature equation.

8
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Theorem 2.5. Let N = 2. Under the assumption of the theorem 2.3 for
U and the physical coefficients, let £ > 0 and suppose that:

qo € EO’H_S , Ug € EO’S , o € EO’_H_E .
There exists an 1 depending only on the physical coefficients such that if:
qu||§o,1+s' + ”u0||§o,s' + HWUHEO,—1+5' <1

then (NK) has a unique global solution (q,u, ) in:
B =[Cy(Ry, BOHH) LI Ry, B3] x [Cy(Ry, B N
LI(R-H §2’2+€,)2] X [Cb(R+, §0,71+s') N L (R_h §2,1+s,)]_

In the previous theorem we can observe that the initial data are almost
in the energy space.
In the following two theorems we are interested by the existence and
uniqueness of solution in finite time for large data. We distinguish always
the different cases N > 3 and N = 2.

Theorem 2.6. Let N > 3,and ¥ and the physical coefficients be as in
theorem 2.3 (where we replace systematically u(p) > 0 by u(p) > 0). We
suppose that (qo,ug,To) € B x (B%_l)N x B2 and that po > ¢ for
some ¢ > 0.

Then there exists a time T such that system (NK) has a unique solution
(q,u,m)in Fr

Fr =[Cr(B%) N Ly (BZ )] x [Cr(BT )N n LL(BZ+)V]
x [Cr(B 2N LL(B?)] .

We can observe here that we work in larger initial data spaces, indeed
we don’t consider the behavior in low frequencies of the system. To speak
roughly, it explains simply by the fact that L} & with p > 1 is included in
Llloc. With this in mind, to take in account the low frequencies behavior
is not necessary. For the same reasons as previously in the case N = 2 we

cannot reach the critical level of regularity.

Theorem 2.7. Let N = 2 and ¢ > 0. Under the assumptions of theo-
rem 2.3 for W and the physical coefficients we suppose that (qo,ug, 7o) €

~ / ~n ! ~ !
BU1te x (B% )2 x B~b=1¢ and pg > ¢ for some ¢ > 0.

9
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Then there exists a time T such that the system (NK) has a unique solu-
tion (q,u, ) in Fp(2) with:

Fr(2) :[éT(§1’1+6/) N L%(§3,3+5l)] % [6T(§0,6l)2 N L%(§2’2+5l)2]
x [Cp(B~71¢ ) n LL(BY)].

The paper is structured in the following way, first of all we recall in
the section 3 some definitions on Besov spaces and some useful theorem
concerning Besov spaces. Next we will concentrate in the section 4 on
the global existence and uniqueness of solution for our system (NK) with
small initial data. In subsection 4.1 we will give some necessary conditions
to get the stability of the linear part associated to the system (NK). In
subsection 4.2 we will study the case where the specific intern energy is
linear and where the physical coefficients are independent of the temper-
ature. In our proof we will distinguish the case N > 3 and the case N = 2
for some technical reasons. In the section 5 we will examine the local ex-
istence and uniqueness of solution with general initial data. For the same
reasons as in section 4 we will distinguish the cases N = 2 and N > 3.
To finish with, in the appendix 6 we will treat the general case when the
intern energy is only a increasing regular function and when the physical
coefficients except the capillarity coefficient depend both the density and
the temperature.

3. Littlewood-Paley theory and Besov spaces

3.1. Littlewood-Paley decomposition

Littlewood-Paley decomposition corresponds to a dyadic decomposition of
the space in Fourier variables. We can use for instance any ¢ € C®(RY),
supported in C = {¢ € RV /2 < |¢| < §} such that:

YopT =11if £#0.

lEZ

Denoting h = F 1y, we then define the dyadic blocks by:

A =2 /RN h(2'y)u(z — y)dy and Sju = kgl Agu.

10
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Formally, one can write that: u = >, c7 Agu . This decomposition is called
homogeneous Littlewood-Paley decomposition. Let us point out that the
above formal equality holds in S'(R") modulo polynomials only.

3.2. Homogeneous Besov spaces and first properties

Definition 3.1. For s € R, and u € S'(RY) we set:

lullps = 2" Agul2).

leZ

A difficulty due to the choice of homogeneous spaces arises at this point.
Indeed, |.||ps cannot be a norm on {u € S’ (RY), |lu||ps < +00} because
|lu||ps = 0 means that u is a polynomial. This enforces us to adopt the
following definition for homogeneous Besov spaces, see [3].

Definition 3.2. Let s € R. Denote m = [s — §] if s — & ¢ Z and

m=s— % — 1 otherwise. If m < 0, then we define B? as:

B® = {u e S (RY)/ |lullps < o and u = ZAlu in S,(RN)}.
leZ

If m > 0, we denote by P,,[R"] the set of polynomials of degree less than
or equal to m and we set:

B® = {u € S (RN)/Pm[RN] / |lullps < 0o and u = ZAlu
leZ

in 8’ (RY) /Py [RN]} |
Proposition 3.3. The following properties hold:

(1) Derivatives: There ezists a universal constant C' such that:

O lull s < [ Vullps—1 < Cllullp:.
(2) Algebraic properties: For s >0, BS N L*> is an algebra.
(3) Interpolation: (B%', B%2)y; = BYs2+(1=0)s1,

11
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3.3. Hybrid Besov spaces and Chemin-Lerner spaces

Hybrid Besov spaces are functional spaces where regularity assumptions
are different in low frequency and high frequency, see [8]. They may be
defined as follows:

Definition 3.4. Let s, t € R.We set:

ull oo = D 2% Agull 2 + > 2% Agul| 2 -
q<0 >0

Let m = —[N/2 + 1 — s], we then define:
o Bt ={uecSRY)/ [ull 5, < +oo}, if m <0

o B = {ue S RY)/PuRYN] /|lullz,, <+oo}if m>0.

Let us now give some properties of these hybrid spaces and some results
on how they behave with respect to the product.

Proposition 3.5. Let s € R.
e (i)We have B> = B,
e (i) If s < t then B>' = BS N B!, if s > t then BS' = B* 4+ B,
o (iii) If s1 < so and t; >ty then BVt « Bo2:t2,
Proposition 3.6. For all s, t > 0, we have:
Juv]| 5. < Clllullzellvllizo. + llvllzeellull .. -
For all s1, sa, t1, ta < N/2 such that min(s; + sa, t1 + t2) > 0 we have:
T TSPy 1% (S

For a proof of this proposition see [5]. We are now going to define the
spaces of Chemin-Lerner in which we will work, which are a refinement of
the spaces:

LE.(B?®) := L*(0,T, B®).

Definition 3.7. Let p € [1,400|, T € [1,4+00] and s € R. We then denote:

lullzp (For.00) = > 25 A g 2y + D 22 At g 22 -
1<0 150

12
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We note that thanks to Minkowsky inequality we have:

and

||u”L;(§51v52) < Hunfg(gsl@) ||u||L%(§51,52) = HUHZIT(EslsQ)

From now on, we will denote:

T
— s 1/
[y ey = 222 ([ IO t)

1<0
lso T A P 1/ﬂ
Jully ey = 32 ([ N5t
>0
Hence: HUHZ,JT(BSU = HuHLP . + |l HL" Boven) . We then define the
space:

L5(B*2) = {u € I(B?) | [ullgy G sy < 0}

(Bo1:52)

We denote moreover by Cr(B51+52) the set, of those functions of Ei}o(ésl’”)
which are continuous from [0, 7] to Bs152_In the sequel we are going to
give some properties of this spaces concerning the interpolation and their
relationship with the heat equation.

Proposition 3.8. Let s, t, s1, s2 € R, p, p1, p2 € [1,+00]. We have:

(1) Interpolation:

el ey < [l g I8 iy i 6 € 0,1
1 0 1-96

and — = — + , s=0s14+ (1 —0)sq, t =60t1 + (1 —0)ts
P P1 P2

(2) Embedding:
LL(B*') — L£(Cy) and Cr(BY) — C([0,T] x RN).
The INLPT(BZ) spaces suit particulary well to the study of smoothing prop-

erties of the heat equation. In [6], J-Y. Chemin proved the following propo-
sition:

Proposition 3.9. Let p € [1,400] and 1 < ps < p1 < +00. Let u be a
solution of:

Oy — pAu = f
Ut=0 = UQ -

13
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Then there exists C' > 0 depending only on N, u, p1 and pa such that:
”UHfﬂTl(BsH/pl) < ClluollBs + CHfHZ?(Bs%H/pz) :

To finish with, we explain how the product of functions behaves in the
spaces of Chemin-Lerner. We have the following properties:
Proposition 3.10.

o Let s >0,t>0,1/pa+1/ps =1/p1 +1/ps=1/p < 1, u €
ég? (?S’t) N LP(L>®) and v € LEY(BSY) N L?(L>®). Then uv €
LE(B*") and we have:

HUUHZ%(EH) < CHUHZQ’}(Lw)||U||E;4(§s,t) + ||UHZ§_‘2(LOO)HUHZ;S(ESJ)'

i If817827t17t2§ % ’ 31+32>0; t1+t2>0; p711+pi2:%§17 u €
LAY (B*1) and v € L2 (B®*>'2) then wv € E%(ésﬁs?_%’tl“?_%)

and:

||UU”Z;(§;1+52—%,t1+t27%) < CH’LLHZ? (§sl,t1)HUHZ§?(552,t2) .

)

For a proof of this proposition see [8].

4. Existence of solutions for small initial data

4.1. Study of the linear part
This section is devoted to the study of the linearization of system (N K)

about constant state (p,0, ). This induces us to study the following linear
system where (F,G,H) € H® x (H®)N x H® with H® = N,cpH*:

Oyq + divu = F
(M) O — pAu — (1 + X)Vdivu —eVAq—(Vq—yV =G

O — aA + édivu = H
where \, €, o, 3, v, § and [i are given real parameters. Note that the lin-
earization of (N K) corresponds to the choice:

TR G 5 R o 4 TP (s P(p) X
M:j,)\:j7€:pfi,ﬂ:PP+TP p)y, V= —5=, &= =,
P p olP) 1(P) py'(T) p
5— Lh)
p

14
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We transform the system by setting:
d=A"'dive and Q= A"tcurlu

where we set: A®h =—1 (|¢|* ﬁ) We finally obtain the following system by
projecting on divergence free vector fields and on potential vector fields:

8tq—i—Ad: F,
Od — vAd — eN3q — BAq — vA = A~1div G,
(Mi) 8t—aA+5Ad:H,

o — IAQ = A teurl G,

u=—A"1Vd—- A 1divQ.

The fourth equation is just a heat equation. Hence we are going to focus
on the first three equations. However the fourth equation gives us an idea
of which spaces we can work with. The first three equations rewrite as
follows:

, q(t,€) q(t,€) E(t,£)
(My) O | dt,&) |+AE©) | dte) |=| AldivG(t,¢)
1t,€) 1, H(t,€)

where we set:
0 [3 0
A) = | —eleP —Blel viEP —vlel ] -
0 slgl alel?

The eigenvalues of the matrix —A(€) are of the form [£]*\¢ with A¢ being
the roots of the following polynomial:

o+ B
Pg(X):X3+(u+a)X2—|—(54—1/044—7’5‘2 )X—l—(as—l—gp)

For very large &, the roots tend to those of the following polynomial (by
virtue of continuity of the roots in function of the coefficients):

X+ v+ a)X?+ (e +rva)X +ae.

The roots are —a and —%(14 /1 — 25). The system (M) is well-posed if

and only if for || tending to +oo the real part of the eigenvalues associated
to A(£) stay non positive. Hence, we must have:

e, v, a>0.

15
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Let us now state a necessary and sufficient condition for the global stability
of (M").

Proposition 4.1. The linear system (M) is globally stable if and only if
the following conditions are verified:

(%) vie,a>0, af >0, vo(v+a)+vB8>0, v+ 5>0.

If all the inequalities are strict, the solutions tend to 0 in the sense of dis-

tributions and the three eigenvalues \1(§), A+(§), A—(§) have the following
asymptotic behavior when & tends to 0:

af Yo(v+a) + v el STET A

Proof. We already know that the system is well-posed if and only if ¢, v, a >
0. Then We want that all the eigenvalues have a negative real part for all
&. We have so to distinguish two cases: either all the eigenvalues are real
or there are two complex conjugated eigenvalues.

First case:

The eigenvalues are real. A necessary condition for negativity of the eigen-
values is that P(X) > 0 for X > 0. We must have in particular:

Pf(O):OéE—l-r;ﬁz >0 VE£0.
This imply that a8 > 0 and ae > 0. Hence, given that o > 0, we must
have > 0 and € > 0. For ¢ tending to 0, we have:
A(y0 + B) + af

€12 '
Making A tend to infinity, we must have P¢(\) > 0 and so vé + 3 > 0.
The converse is trivial.

Pe(A) ~

Second case:

P: has two complex roots z4+ = a £ ib and one real root A, we have:
Pe(X) = (X — N)(X? - 2aX + |22 ]%).
A necessary condition to have the real parts negative is in the same way

that P¢(X) > 0 for all X > 0. If v6 + 8 > 0, we are in the case where §

16
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tends to 0 (and we see that P; is increasing).

We can observe the terms of degree 2 and we get: A + 2a = —a — v then
A and « are non positive if and only if Pe(—a —v) < 0 (for this it suffices
to rewrite Py like Pe(X) = (X — A\)(X? — 2aX + |z4]?)). Calculate:

Pi(—a—v) = —ve —v?a — vp+ V|Z’52+ a’yé.

With the hypothesis that we have made, we deduce that Pe(—a —v) <0
for £ tending to 0 if and only if v3 + vy + ayd > 0.

Behavior of the eigenvalues in low frequencies:

Let us now study the asymptotic behavior of the eigenvalues when & tends
to 0 and all the inequalities in (A) are strict.

We remark straight away that the condition v§ + 3 > 0 ensures the strict
monotonicity of the function: A — P¢(\) for £ small. Then there’s only one
real eigenvalue A;(€) and two complex eigenvalues Ay (&) = a(§) £1ib(§).
Let e~ < ——22_ <« ¢+ < 0. When ¢ tends to 0, we have:

Yo+4
Pe(A) ~ [€[72(A(v0 + B) + o).

Then Pe(e~) < 0 and P¢(e") > 0 and P has a unique real root included
between ¢~ and . These considerations give the asymptotic value of
A1(€). Finally, we have:

M (€) +2a(6) = —a — v and — (a() +bEPINE) = af + Zﬁ ~ E,ﬁ

whence the result. O

We summarize this results in the following remark.

Remark 4.2. According to the analysis made in proposition 4.1, we expect
the system (N K) to be locally well-posed close to the equilibrium (p,0,7T)
if and only if we have:

(C)  u(p,0) >0, X(p,0) +2u(p,0) > 0, £(p) >0, and x(p,T) > 0.

By the calculus we have:

= __ Orpo(p

ﬁ = 8ppo(ﬁ, T)7 Y )= w

,T)
poreo(p,T)’ p

17
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We remark that v§ > 0 if dreo(p,T) > 0. In the case where 1 verifies
n(p,T) > 0, the supplementary condition giving the global stability re-
duces to:

(D) 9ppo(p, T) = 0.
Now that we know the stability conditions on the coefficients of the
system (M ,), we are interested in estimates on this system in the space

E~. We add a condition in this following proposition compared with the
proposition 4.1 which is: v6 > 0, but it’s not so important because in the

system (NK) we have in reality 76 = 77 (T) > 0.

Proposition 4.3. Under the conditions of proposition 4.1 with strict in-
equalities and with the condition v6 > 0, let (q,d,) be a solution of the
system (M) on [0, T) with initial data (qo,uo, o) such that:

qo € BV, dy € BV mg € B2 for some s €R..

Moreover we suppose that for some 1 < r; < 400, we have:

N~ ~g312 o o2 ~ M ~g342 g gy 2
Feln(B 2y, gelnB ), HelpB *m ).
We then have the following estimate for all 11 < r < +o00:

Hq”LT Bs 1+* s+2 +H7THLT Bs 1+*s 2+2 + ||U”LT (Bs 1+ )— CHqOHBs 1,s

+||u0HBS*1 + ||770H§571,572 + H H ~s—34+2 2 s—24 2 2 + H H s—34 -2

Ly (B 1) Ly (B™ 77T

HHH 5 3472 ,s—4+:2

Ly (B )
Proof. We are going to separate the case of the low, medium and high
frequencies, particulary the low and high frequencies which have a different
behavior.

1) Case of low frequencies:

Let us focus on the first three equation of system (M) and applying
operator A; to the system, we get then by setting:

q =Ng, dp =Nd, mp =Ny

Oovq + Ady = Fy, (4.1)
Oud; — vAdy — eN3q; — BAq — v Ay = A71divGy, (4.2)
oy — aAm 4+ dAd; =

18



EXISTENCE OF SOLUTIONS FOR KORTEWEG SYSTEM

Throughout the proof, we assume that § # 0: if not we can use proposition
3.9 to have the estimate on and we have just to deal with the first two
equations. Denoting by W (t) the semi-group associated to (4.1 — 4.3) we

have:
q(t) q0 t F(s)
(u(t) ) — W) ( " ) +/ Wt — s) ( G(s) ) ds .
(t) to 0 H(s)
We set:
1 = Blalte + il + SlmlE — 2K (Agi )

for some K > 0 to be fixed hereafter and (-, -) noting the L? inner product.
To begin with, we consider the case where FF =G = H = 0.

Then we take the inner product of (4.2) with d;, of (4.1) with 8¢ and of
(4.3) with ;. We obtain:

d

5o (i3 + Bllal2s + Timl3e) + vIVal: — (A,

N =

. (4.4)
+ THVWIHL? =0.

Next, we apply the operator A to (4.2) and take the inner product with
qi, and we take the scalar product of (4.1) with Ad; to control the term
%(Aql, d;). Summing the two resulting equalities, we have:

d
g han ) + A — v(Ad, M) —<|Nalf —BlAal
(A, Ag) = 0.

We obtain then by summing (4.4) and (4.5):
1d
st + WIVali: = K|[AdIZe) + (KB[Aq 7z + Kel|A%q]72) (46)
o :
+ %||V7Tz||%2 + Kv(Ady, Agr) + Kv(Ay, Agr) —(ANPqp, di) = 0.

Like indicated, we are going to focus on low frequencies so assume that
[ <lp for some Iy to be fixed hereafter. We have then Ve, b, d > 0 :

022l0
5 |Ady||32

2l

b
[(Ady, Ag)| < §Hqu||%2 +
(4.7)

C2
(A2q,dp)| = [(A%q, Ady)| <

2 c 2
—lAalE + SIAdIE.

19
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Moreover we have: |[Vdj||2, = ||Ad;||?,. Finally we obtain:
1d , 22 ce 9 yo o Ky 9
st T v = (B = Kv+ )]l[Adill 7 + [ = 5] Am (72
b 022 (g
K 220~ — —v=1IAq]?2 < 0.
bR oo™ vt g, <o
Then we choose (b, ¢,d) such that:
B v B
b_21/’c_5’d_2fy’

which is possible if y > 0 as v > 0, € > 0. In the case where v < 0, we
recall that v and J have the same sign, we have then no problem because
with our choice the first and third following inequalities will be satisfied
and if v < 0 in the second equation the term 'y% is positive by taking
d > 0. So we assume from now on that v > 0 and so with this choice, we
want that:

2
CK(1+ 02%%) >0,

| N

2
+ 022 _ 02%3 >0,
14

a Y
— — K- .
5 5 >0
We recall that in your case v >0, >0, a >0 and v > 0, 6 > 0. So it
suffices to choose K and [y such that:

v 2« I57% 1
K<min([— 2 **) and 2% < ()
<mm(2(1+cz2log;)’ 5> an M 602 6eC

=20

Finally we conclude by using Proposition 3.3 part (ii) with a ¢ small
enough. We get:
1d

5%"012 +e22 <0 forl<lp. (4.8)
2) Case of high frequencies:

We are going to work with [ > [; where we will determine [; hereafter. We
set:

f2 =eBlAqll72 + Blldi|72 + |A ml|72 — 2K (Aq, dy),

20
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and we choose B and K later on. Then we take the inner product of (4.2)
with d;:

1d

5 dtHdl”LQ +v||Vd|72 — e(N3q, di) — B{Aqy, di) — (A, di) = 0. (4.9)

Moreover we have by taking the scalar product of (4.1) with A%g;:

2 = LAl + (A%, Agy) = (4.10)

And in the same way with (4.3), we have:

thHA 7TlHL2+OéH7rl||L2+5<dl,A 7Tl> 0. (4.11)

After we sum (4.9), (4.10) and (4.11) to get:

1d
52 (Bldil3z + eBllAqllfz + A~ ml[E2) + Br| Va3

+ Oz”ﬂ'lHLz — B,8<Aql,dl> — B’y(Aﬂ'l,dl> + 5<dl,A7 7Tl> =0.

(4.12)

Then like previously we can play with (Ag;, d;) to obtain a term in ||Ag ||%2
We have then again the following equation:

d

g (Aa di) + IAdi|172 — v{Ady, Agr) — €| Aq72 — Bl Aa72

d (4.13)
— (A7, Agq) = 0.

We sum all these expressions and get:

fz + [BY|IVd)|17. — K||Ad)]|72] + allm|72 + K [B]|Aaql7

+ EHAQQZH?y} — BB{Aq, d;) — By{(Am,d;) + 6{d;, A_17Tl> (4.14)
+ KV<Adl,AQl> + '7K<A7T17Aql> =0

2dt

The main term in high frequencies will be: ||A?g[|3,. The other terms may
be treated by mean of Young’s inequality:

a
| A2q |22 + 5“1\651”%2-

1
Aq,d)| < ———
‘( ql) l>‘ — 2ac22l1
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We do as before with the other terms in the second line of (4.14) and we
obtain'

B
2 dt 22l

a vb v
B’Y[%||7Tl”%2 + *HAleiz] + K[*HAQQIH%‘Z + *HAdzH%z + 7,”7r1||%2

92 1 (By— K)|Ad)2a] + oflmllZs + K(— + 2)[A2q]2, <

d 1
+ 7”A2ql||L2:| + Bﬁ[2d 22[1 HAQQIHLz +35 2 22[1 ||Adl”%2]
1
+ 5[2 2251 H l”L2 + 2211 HAleL?]
We obtain then for some a, b, ¢, d, e to be chosen:
e 1
thfl [Bu—(K—I—B'y —I—Kyb—i-BﬁQ 2211—1—(5502%)]
1 1 1
X IAdi3a + o — (B K+ bl (1)
BK b
+ [ oo T el — Kvg - yK— - 352d2%]\|/\2ql”L2 <0.
We claim that a, b, ¢, d, e, l1, K may be chosen so that:
1
By — (K + By2 +Kub+Bﬁ +5;22l)>0 (4.16)
1 1
a— (B’y— + ’yK ;4 52 2211) > 0, (4.17)
BK b 1 1
We want at once that for (4.16) and (4.18):
a d
—v= —fB= 4.1
v—r5—05>0, (4.19)
— 1/9 — C—/ >0 (4.20)
€ 5~ 73 . :
So we take:
1% ’
e=1, a=2hd, d=2h, h=————, b=20h,
2(v0 + )
/ g

¢ =25(v+a)h and K =

2v6(v + ) +vB)
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With this choice, we get (4.19) and (4.20). In what follows it suffices to
choice B, K small enough and [; large enough. We have then:

fi = Max(L,2) |l 22 + [ldi]l 2 + min(L,2") ||| 2

One can now conclude that there exists some ¢ such that for all / <y or
1> 1:
Ld o | 1500
5%]01 +C2 fl SO

3) Case of Medium frequencies:

For [y <1 <y, there is only a finite number of terms to treat. So it suffices
to find a C' such that for all theses terms:
(B)

lallzr 2y < C, lldill Ly 22y < €, |Imllpy 2y < € forall T € [0, +o0]

and r € [1,400],

with C large enough independent of T'. And this is true because the system
is globally stable: indeed according to proposition 4.1, we have:

a a
(o)
c c
with ¢1(§) = mingy<|¢<on (Re(A1(£)), Re(A2(£)), Re(A3(€))) where the
Ai(§) correspond to the eigenvalues of the system. We have then by using
the estimate in low and high frequencies in part 4.1 and the continuity of
c1(§) the fact that there exist ¢; such that: ¢1(§) > ¢; > 0. So that we
have for lp <1 <l;:

([ ( bl ) a) <c( [ eoras)’ ( ;’;83))’1’1’?1 ) .

(B[ (mo)ill 22

< Ce— (&)t
L2

Va,b,c € L*

L2

And so we have the result (B).
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4) Conclusion:

By using Duhamel formula for W and in taking C' large enough we have
for all I:

. _ _c l
max(L, 2" qu(t) |2 + i (0)]] 2 + min(L, 27 |mi(8)] 2 < Cee

x (max(1,2"|[(q0)ill 2 + | (do)il 2 + min(1, 27 [ (w0}l £2)
¢

+C [0 (max(1,2%) | Fill g2 + [Gallpa + min(1L, 27| Hillp2)ds
0

Now we take the L™ norm in time and we sum in multiplying by 9l(s=1+3)

for the low frequencies and we sum in multiplying by 2Us+3) for the high
frequencies. This yields:

HQ||ZTT(§S—I+%,5+%) + ||7THZ€F(§S—1+%,S—2+%) + HdHZTT(BS‘H%) < ||q0||§571,5

—142 T T c(t—7
ol sores + Mol es + 37 21 1+7->/0 (/0 D (| Fiy(7)] 2

<0

IG5 + 1) z2)ar ) dt) syt ( [T et

>0

% (|IVE(T)| g2 + 1GU(7) | 2 + \|A1Hl<r>up>df) dt)r

Bounding the right hand-side may be done by taking advantage of convo-
lution inequalities. To complete the proof of proposition 4.3, it suffices to
use that w = —A~'Vd — A~1divQ) and to apply proposition 3.9. O

4.2. Global existence for temperature independent coefficients

This section is devoted to the proof of theorem 2.3. Let us first recall the
spaces in which we work with:

E* = [Cy(Ry, B 1) N LN Ry B TH542)] x [Cy(Ry, BN
N Ll(R-H Bs+1)N] X [Cb(R-H 58_178_2) N L1 (R—H §S+LS)]'

In what follows, we assume that N > 3.

Proof of theorem 2.3:
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We shall use a contracting mapping argument, for the function v defined
as follows:

q0 t F(Qvuaﬂ-)
(g, u,m) =W(t,-) * ( uo ) +/ W(t—s) ( G(q,u, ) ) ds . (4.21)
0 0 H(qvuaﬂ-)

In what follows we set: p = (1 +¢q), § =0+, T = ¥~'(#). The non
linear terms F, G, H are defined as follows:

F = —div(qu),

G=—uVu+ V([;”|vp|2 ) + {“(pp) - “(ﬁ_)]m + {C(’f’)_

SO vaivu+ (VK - Kpag) + [AOETAL
Py(p) + TPi(p) Pi(p)  Pi(p) X (p)Vpdivu
S }VH[/J\P’(W)_[?‘I"(T)}WJF P

L (dutVu)u(p)Vp

)

p
where we note: ( = A + u, and:
. (dlv(x(p)ve) B XM)J{TPl(p) B TPl(p)]divu U0
p P P P (4.23)
D :Vu
+ .

p

1) First step, uniform bounds:
Let:
1= llgoll sy 1y +llwoll ;o +lImoll sy 1y

We are going to show that ¢ maps the ball B(0, R) into itself if R is small
enough. According to proposition 4.3, we have:

q0
W (t,-) * ( uo ) Iy <Cn. (4.24)

]
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Hence:
4wl < Cn+ IF(@w ), gy,
(4.25)

+ HG( 7u77T)HL1(B%71) + HH(qvuﬂr)”Ll(E%fl,%fQ) :

Moreover we suppose for the moment that:

(H) gl Loo rxmN) < 1/2.

We will use the different theorems on the paradifferential calculus to obtain
estimates on

”F(Q7u7 Tr)HLl(Eg’ 1, N HG( )”L1(3%71)7 HH(Q7uaﬂ-)HLl(g%fl,%fZ)‘

e Let us first estimate ||F'(g,u,7)]| FY-LEy According to proposition

LY(B2
3.10, we have:
Jaiv(qul, o1y, < Daul,y g+ laull o
and:
<
laul iy, < el ol
”qUHLl(B%H) < HQHLOO(B%)HUHD(B%H) + Hq”LQ(B%H | u ” % .

~N N N ~N N N
Because B2 2! < B2 and B2'2t! «— B%

we get:

L (from proposition 3.5),

[div(gu)ll |, 5 1y LY

e We have to estimate ||G(q, u, 7T)HL1 Y1y We see straight away that:

[l “(p)]Au = K(q)Au for some smooth function K such that K(0) = 0.

P
Hence by propositions 6.5, 3.10 and 3.5:

< CIE@ 3, I
L(BI Y
< cnqnmm

LY (B2 “
-1 %)Hu”Ll(B%'H) .
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In the same way we have:

Cp) <¢p
||[€0) (p)]vdvun 1( 7_1 —CHqHLOO(B?_I || HLl B2+1
V(o) ~ K@)ADI,, 5+ < Clal,_ 3 ||q\|Lle+2)

Pi(p) P
11 bl7) B 0;(7 )] pHLl BY - )_ Hq” ||q”Ll BIHL 2+2)‘

After it remains two terms to treat:

|| [TPI( p) TP;(‘))}V H P))Gvq|

Pi(p) Pi(p)
p p

Pi(p
Ll(B%_l) S C H[ !

N
BT

/

Pi(p)
5

12wl e+ D )Vl ,

x|l
p p D)

191, s < Cllall, sl
vl gy + |’K1(Q)7TVQ||L1(B7

FAS —1y\7?
)
According to proposition 6.5, we have:

R gy 1 ey o
1K@ ¥al, 5 _cuqHLm(BQ 1794l iy,
Therefore:
TP(p) TP(p)
122 = 290, ) < Clal o ol e
e +\\Q||Loo(§g_1g))|! [N
In the same spirit:
Pi(p)  Pi(p)
IS~ 22001, 1) < Ol o 171
S e ||qr\m§2 L

where we have: mpp = 37 Ay and 7p = 3750 Ay . Next we have
the following term:

I Full, sy < Ol oy il iy
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And finally we have the terms coming from div(D) which are of the form:

X (p)Vpdivu
e

I ) < L9 Ve dival

i_l)

Y (p)
=2 pdivull, g

where we have set:

N +z) N
L) ==y P

Afterwards we can apply proposition 6.5 to get:

||Vpd1vu]| B¥-1) C”UHL1 EERES HQHLOO B¥y

L) paival, bty S 1@ Vpdivall,

_1)'

As we assumed that (H) is satisfied, we have by using proposition 6.5:

L@ 5y < Clall -
So we have:
N (p)Vpdivu
HTHLWB%_I) < C”“HL1 HQH FE-uy
( + [l N

Lo 37—1 2)
In the same way we have by using propositions 3.10, 6.5 and 3.5:

(du + Vu)Vp i (p)

| < Cllll 341, ldll

p L(BI-1 = L(BY)
(14 Il )
\Y K/ \Y% <C K K v
IV(EIVoP, 31, < CNGE = DAV, 4,
K o
12V )
2 2
< Clal, .y, Il N+1)+|rquL2(B%+l).
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Bounding HH(q7u77T)||L1(§1§ 14 2, 8O€S along the same lines, we just give
one example.

div(x(n)VO) _ X
A

; 201, 5y < K@@,

+|div(K1(g) Vo)

—71,%72)

L1(37*1 ﬂ72 +HK< A@H

< Cll, . 414, Im ||L1(§?+1g(

(BT 132y

).

llall

2

Z

)

Finally by using (4.24), (4.25) and all the previous bound, we get:

lé(a,u, ™|y < CUC+ D + R (4.26)

E
Let ¢ be such that || - ||B% < ¢ implies that: || - ||z < 1/3. Then we choose
R and 7 such that:

inf(R, c)

R <inf((4C) ' ¢ 1 dn<
< inf((4C)"",¢,1), and n < C11

So (H) is verified and we have by using (4.26): ¢(B(0,R)) C B(0,R) .

2) Second step: Property of contraction

We consider (qy,uy,m), (¢, ty, ) in B(0, R) where we note: 6; = m; +
0, T; = U"1(6;) and we set:

/ ’

(6(]:(]2—ql, 5u:'LL2—'U/1, (57T:7TQ_7Tl).

We have according to proposition 4.3 and (4.21):

/

! ! ! ! 7
Hw(qL,uL,WL)(Q%U%T‘—Q) _w(qL,uLJrL)(qlvulv”Tl)H % <

E

C (1 F (g2, ug, m2) — F(Q17U1,7T1)HL1(§%,1 ¥,

+ HG(QQ7U277T2) - G(q17u17ﬂ-1)”L1 3771)

+ | H (g2, ug, m2) — H(Qhuhﬂl)HLl(Eg_l,g_z))-
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As an example, let us bound ||F'(g2, u2, m2) —F(ql,u1,771)||L1(§%71%). We
have:

1 F(q2, u2, m2) — F(Q1,U1,7T1)||Ll(§g_1 ¥,

< liv((a2 = a0yl v, + hivanCee = wn)l, vy,

< C16al 1y i, Nl 3, + uéqnm N

000l g Nl o, a6
a9l g + e 1600 )

Bounding the following terms ||G(g2, u2, m2) — G(q1,u1, 7r1)||L1(B%71) and
HH(qg,u2,7r2)—H(q1,u1,7r1)||L1 FY-1.4 -2, gOes along the same lines. The

details are left to the reader. So we get in using the proposition 4.3:

W (gq, ug, m3) — ‘I’(‘haulﬂrl)HEg < C|(dq ou, 5”)%% (H(Q17U1,7T1>HE12V

s 73y + 2z uz )y )-

If one chooses R small enough, we end up with:
! ! ’ i I ’ 3
19 (g3, w3, m3) — Wi, i, m)l Ly < 5 (B, 0, 6m)] Ly
We thus have the property of contraction and so by the fixed point theo-
rem, there exists a solution to (NK).

3)Uniqueness of the solution:

Uniqueness stems from arguments similar to those which have been used
in the proof of contraction. U

We treat now the specific case of N = 2, where we need more regular-
ity for the initial data because we cannot use the proposition 3.10 in the
case N = 2 with the previous initial data. Indeed we cannot treat some
non-linear terms such as H7rdivu||L1(§0’71) or ||u*.V9HL1(§0’71) because if
we want to use proposition 3.10, we are in the case s; + so = 0. This is
the reason why more regularity is required.
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Proof of theorem 2.5

The proof is similar to the previous one except that we have changed
the functional space, in which the fixed point theorem is applied. Arguing
as before, we get:

[(a:w, m)l g < Ot E(a w, m Ly goneery T 1G (@ w0
+ |]H(q,u,7r)||L1(§0’_1+g/) )

if: HQOHEO 14€’ +||UOHEO,5' +H7r0||§0,—1+5’ < 7. Let us estimate HF(Q7 u, 71-) ”

G w2 o, o IH (2 vt
ples, the other estimates are left to the reader .

L1(BO1+e"y
, We just give two exam-

v (@l gorery < ol + laul s g
and:
lqullL1 g1y < CllgllL2syllull 281y,
laull s, < Cllall il gavery + el sy 2.
We do similarly for ||G(g,u,n)||

the last term || H (g, u, 7T)||L1 Bor11e’
additional regularity is needed Proposition 3.10 enables us to get:

(B0 The new difficulty appears on

. In fact it’s only for this term that
H?leV’LL||L1 Bo-1+e'y < CHW”Loo(Eo,—HE’)HuHLl(BQ)'
[|u* 'VGHL1(§O’_1+E C||7THL1 Bli+e Hu||L°°(BO)'

To conclude we follow the previous proof. Uniqueness goes along the lines
of the proof of uniqueness in dimension N > 3. O

5. Local theory for large data

In this part we are interested in results of existence in finite time for
general initial data with density bounded away from zero. We focus on
the case where the coeflicients depend only on the density with linear
specific energy, and next we will treat the general case. As a first step,
we shall study the linear part of the system (NK) about non constant
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reference density and temperature, that is:

Orq + divu = F,
(N) Oyu — div(aVu) — V(bdivu) — V(cAq) = G,
oy — div(dVr) = H,

5.1. Study of the linearized equation

We want to prove a priori estimates for system (IN) with the following
hypotheses on a, b, c, d:

O<ca<a<M <0, 0<c<at+b< My<oo, 0<c3<c< Ms< oo,
O0< ey <d< My < oo.

We remark that the last equation is just a heat equation with variable
coefficients so that one can apply the following proposition proved in [7].

Proposition 5.1. Let m solution of the heat equation:
oy — div(dVr) = H,

we have so for all index T such that —g —-1<7< % — 1 the following
estimate for all o € [1,+00]:

Il 2, < Imolls + 1H Iy oy + 9 1) IV

We are now interested by the first two equations of the system (V).

(N') Oq +divu = F

O — div(aVu) — V(bdivu) — V(cAq) = G
where we keep the same hypothesis on a, b and c. Here at the difference
with the case of global solution, it is crucial to study a linear part with
variable coefficient a, b, ¢ ; indeed we could not use some arguments of

boobstrap linked with the smalness hypothesis. We have then the following
estimate of the solution in the spaces of Chemin-Lerner:

Proposition 5.2. Let 1 <7 <r <400, 0<s <1, (qo,up) € B3+ x
(Bg—1+s)N7 and (F,G) € ET'Tl(B%:2+s+f]/7“1)X(ET'TI(B%—3+S+2/T’1))N. Sup-
pose that Va , Vb , Ve belong to L4(B2) and that dyc € L (L™).

Let (C], u) c (E%(B%+S+2/T) N E%(B%Jrﬁl)) « ((E%(B%+sfl+2/r))N N
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(E%(B%“)N) be a solution of the system (N'). Then there exists a con-
stant C depending only on r, 1, \, i, K, ¢1, c2, My and Ms such that:

(Va0 1oz (@ = ClVel 2 ) < I(Va0w0)|
HNTE Gl 3o + IVl 1o uatcHLl =)
+ Va0, (”W”m + Vbl ) + Vel )

Proof. Like previously we are going to show estimates on ¢; and u;. So we
apply to the system the operator 4; , and we have then:

Orq; + divuy = F (5.1)
Oyuy — div(aVuy) — V(bdivy) — V(cAq) = G + Ry (5.2)
where we denote:
R; = div([a, A)]Vu) — V([b, Ay]divey) — V([e, A]Ag).
Performing integrations by parts and using (5.1) we have:

1d
—/ wV(cAgq)dz = f—/ |V |dx — /N (divy (Vg.Ve)
RN R

2 dt
\Vq!2

e+ e.Vq.VE) dz.

Next, we take the inner product of (5.2) with u; and we use the previous
equality, we have then:

5 (s + [ eAvalda) + [ @iVl + bidive )z =
: Va?

/ ((G1+ Ry d:v—i—/ ((divey (Ve V) + Va7

RN RN 2

+cVq.VF))dx.

ge (63

In order to recover some terms in Ag; we take the inner product of the
gradient of (5.1) with w;, the inner product of (5.2) with V¢; and we sum,
we obtain then:

d . o
au /RN Vg .wdz + /RN c(Aq)“dr = /RN((GZ + R;).Vq + |divy|
+w.VE — aVu : Vg — bAgdivey)dz.

(5.4)
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Let a > 0 small enough. We define:
6 = llle + [ (el Val* +20Vg.u)de (5.5)
By using the previous inequality (5.3), (5.4) and the fact that a1b; <
l192 we have by summing:

1d2

S5 [ @Vl + ablAaP)de < COIGH 2 + 1 Rill2)

x(@[Vallz + llwllz2) + IV g2 (ellwll 2 + [[eVallz2) - (5.6)
+%||<9tCHLwHVmH%2 + Vel I Vall g2 Vel 2 -
For small enough «, we have according (5.5):
%kz? <l + /RN Fe|Val2dz < gkf , (5.7)

Hence, according to (5.6) and (5.7):
1d

g+ K2k < ki (IGill g2 + | Bull 2 + IV E g2) 10k < [V a2

+ 22,2 Vel 2 -
By integrating with respect to the time, we obtain:
_ K92 b o2 r
ht) < (0) + € [P (el [Vl + VR
(|G 22 + 1R 22 + 2 ku(7) | Ve(7) | 12 )dr
Hence, convolution inequalities imply that:
—2 - T— T
kil o,y < (2 ’"kl(O)Jr(? 2+L/r=1/ I)H(VFZ,GZ)”L” (L2)
_2
+ 277 | Rill gy 2y +27 FIVal e 2oy l9rell L) + Vel gz ey (58)
x || kll e fo,17) -

N 2
ST —14+s+2)1

Finally, by multiplying by 2( and using (5.7), we end up with:

1Ve W, py-tvaram (1= ClIVellL2@e) < WVE Oz o4 sioram,

1(Vao, wo)ll Ly 1ys + [ Vall- 10ecl L1, (o)

L 37—1“

+ ZQI 7+S*1 HRZHL,}(LQ) .
lez
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Finally, applying lemma 6.4 on the appendix to bound the remainder term
completes the proof. O

5.2. Local existence Theorem for temperature independent
coefficients

We will now prove the local existence of a solution for general initial data
with a linear specific intern energy and coefficients independent of the
temperature. The functional space we shall work with is larger than previ-
ously, the reason why is that the low frequencies don’t play an important
role as far as one is interested in local results. Moreover at the difference
with the proof of global existence of strong solutions, we change of strategy
to resolve the local existence of strong solutions. Indeed we will construct
Cauchy sequence of approximate solutions using an iterative scheme. In-
deed the linear system (N )/ has variable function coefficients a, b, ¢ which
are in reality some function depending of the solution ¢, so it appears more
easy to use an iterative scheme. Moreover we recall that we have studied
a linear part with variable coefficients to can get the uniform bound es-
timates (indeed no arguments of boobstrap linked with the smalness is
possible in this case).

Proof of the theorem 2.6:
In what follows, N > 3 is assumed. Let: ¢" = ¢°+q", p" = p(1+q"), u" =
S

ud 4+ a?, 1 =70 + 7" and 0" = 0 4 7" where (¢°,u°, 7°) stands for the
solution of:

dq" — A¢® =0,
ol — Au® =0,
oy — Ar0 =0,

supplemented with initial data:

¢°(0) = qo , u®(0) = ug , 7°(0) = mo.
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Let (Gn, tn,Ty) be the solution of the following system:
8tanrl + div(anJrl) = Iy,
Ol 11 — div(’u(pn)Vu”“) —V(C( g iv(u "+1)>
p P
(N1) — V(K (p")AG") = Gy,
_ - x(p") _ )
n+l — n = Hm
O4Tp1 le(l n qnﬂ' 11
(Qn-‘rla an—&-la ﬁn—i—l)t:o = (05 05 0)7

where:

F, = — div(¢"u") — A¢® — div(u?),

’

Kn n ‘o
G == ()5 + VL) = T aivar + V(i
X (p")Vp'diva®  (du™ + V™) @ (p")Vp" +[ (™) }w

1+ q 1+q W (T
TR (K )
+V ('LW)\(p)div(uo)) +V (K (p™)AG°),

14 g™

TPy (p" D, : Vu™
Hﬁ:VH+¢JVWW@ﬂ—;?)mwﬁ—@ﬂﬁvm+;WL

— A + div( fi”qi v6°).

1) First Step , Uniform Bound

Let € be a small parameter and choose 71" small enough so that in using
the estimate of the heat equation stated in proposition 3.9 we have:

[Exl et [l +1lg°]
170~ oo %Il
We are going to show by induction that:

Le(B2
(Pn) g™, u", 7"l < e

<
By =

Lty 12N ) < 4o

L (Bﬂ“
(He)
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As (Go, uo, ™) = (0,0,0) the result is true for n = 0. We suppose now (Py,)

true and we are going to show (Pj1).

To begin with we are going to show that 1+ ¢" is positive. Using the fact

that B2 — L and that we take ¢ small enough , we have for ¢ € [0,T7:

" o < iva™
lq qoll ((0,T)xRN) = Clldiva ”LlT(B rL8%)
~1,n—1
< 0(25 + an u™ ||L%(B%+1))7

g+ divig" )|

N
2

.0
+ [|divu HLlT(B%)’

and:

lg" ™ " <lg" Ml e I

Lk (B

oy llu

1 ﬂ oo
LL(Bzth LS (BY)

+ g "

N .
L2, (B% L2(B?)

Hence:
la" = qoll o (0.1 xrN)y < C1(26 + (Ag + €)e).
Finally we thus have:
11+ qoll Lo 0,7y xm™) — 14" — qoll oo (0,1 xmN) < 1+ 4"
<11+ qoll oo 0,7y xr™Y + 11" = oll oo ((0,7) xRN

whence if € is small enough:

g gy Lol

2p p
In order to bound (¢", @™, ") in Fp, we shall use proposition 5.2. For that
we must check that the different hypotheses of this proposition adapted
to our system (N7) are satisfied, so we study the following terms:

= ) b" = ) - n) d" = :
¢ I+q7 T+q7 ¢ (pn) 1+ q»

By using (P,,) and by continuity of p and the fact that u is positive on
[p(1 4+ min(qo)) — @, p(1 + max(qo)) + @], we have:

:“(p)ng.

0<c <a”
b= 1+4qg"
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We proceed similarly for the others terms. Next, notice that hypotheses
of proposition 5.2 are verified:

n pu(p"™) _
IV a5y g < L2 = 0Ol v, < gy iy
n ¢(p")
Vb ||L2(BQ) < IF L =gy iy, < O i
||VC |’~2 (B C”q ”L2 (B2+1) .
To end on our hypotheses we have to control d.¢™ in norm || - || L1 (L) As
B? — L, it actually suffices to bound ||0;c”|| |~ . We have:
L .(B?)

Q" = K'(p") 0" = K (p")(div(g" 'u" ") — div(u")) .
And we have by using the propositions 3.10 and 6.5:

'ron . n—1 n—1 . n
I () vt o) = v,

< K (p")div (g u" )| + || K (p")div (")

LL(BY) HL1 BT
C(1+HQ"HL%O(Bg))(H "||L1T(Bg+1 + g LY i)
C(1+an!\L?(Bg))(HU"HUT(B%H)+an 1HL N M L a¥)

+ an_l\lL%(BgH [ 1HL2T(Bg)).

We now use proposition 5.1 to get the bound on 7", so we obtain by taking

N
T = 5
Il HL L(BT)NLE(BY ?) < C(”H"HLlT(B%—Q)
( n) . (5.9)
VD e 7, )
So we need to bound d" in L%O(B%):
IV e -1y < Ul e o
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Finally, applying propositions 5.2 and 5.1, we conclude that:

+ 107l

1@t @ 7 )l (1= C([la”

L2(BTt L2(BT Y
1l s, + ||L%O(B%) Hf?tc Iy ) S (510
1V Ew Gl oy + 1l s

Bounding the right-hand side may be done by applying propositions 3.10
and 6.5. For instance, we have:

||FnHL1T(BN/2) < HdiV(qnun)”LlT(BN/Z) + ”diVUOHLlT(BN/2) + HAQOHLlT(BN/Z)-
Since:
||UnanL1T(BN/2+1) < C(‘anL%O(BN/?)Hun”LlT(BN/2+1) + anHLQT(BN/zﬂ)
x HunHL?T(Loo)),
we can conclude that:
IEnll L (parey < C(Ao + €+ Ve)?.

Bounding |G, HLl Y and ||H, HL1 (BY-2)

After an easy calculatlon we obtam by using (5.10) and the different
previous inequalities:

goes along the same lines.

(@1, Tns1s Tt || 7p (1= C2v/E(Ag+VE)) < O (e(Ao+vE) 2 +T(Ag+15E)).

By taking 7" and e small enough we have (P,41), so we have shown by
induction that (¢",u",7"™) is bounded in Fr.

Second Step: Convergence of the sequence and uniqueness

We will show that (¢",u",7") is a Cauchy sequence in the Banach space
Fr, hence converges to some (q,u,7) € Fr. Let:

5(]” — qn—|—1 . qn7 Su = un—l—l o un’ St = ﬂ_n—l-l n

39



B. HasproT

The system verified by (d¢", du™, on™) reads:
0:0q" + divou™ = F,, — F,,_1,

ou™ — div(u(p[; )vaun) —v(C(p’; )div(éu”)> V(K (M)A =
Gn - anl + G;-L - G;z—l,

6" — div( X ) s )— o 1 H —H
+OTT 1v 1+qn m == n n—1+ n n—1»

where we define:
n—i—l)

G = —aiv( ) POy - () - K () A

n+1 n
- () - i),

In the same way we have:

H,, = div(( fgf;:i)l fﬁfzz)venﬂ).
Applying propositions 5.1, 5.2, and using (P,,), we get:
106", 0u™, 67") ||y < C(1Fn = Faallpy (gvrzy + |G — Gna
+G, - G;z—luLlT(BN/?—l) + ||Hy — Hyy + H, — H;L—1||L,1T(BN/2—2))>
And by the same type of estimates as before, we get:

16q™, 6u™, 67™) |y < CVE(L + A0)?(I(6¢" 7, 6™, 67" ) |y

So by taking e enough small we have that (¢",u™, 7") is Cauchy sequence,
the limit (¢, u,7) is in Fp and we verify easily that this is a solution of the
system. Uniqueness stems from similar arguments . |

Proof of the theorem 2.7

In the special case N = 2, we need to take more regular initial data
for the same reasons as in theorem 2.5. Indeed some terms like ¥(#)divu
or u*.V6 can’t be controlled without more regularity.

The proof is similar to the previous proof of theorem 2.6 except that we
have changed the functional space Fip(2), in which the fixed point theorem
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is going to be applied. As we explain above we can use the paraproduct
because we have more regularity. For instance, one may write:

||u*.V9||L%(§71771+5/) < C||7T||L1T(§0,1+e/)HUHL%O(BO)'

6. Appendix

In this appendix, we are interested in generalizing our results of existence
and uniqueness for the general case when the intern specific energy is
a general regular strictly increasing function and when all the physical
coefficients except the capillarity coefficient depend both the density and
the temperature. In this general case, we have to control the temperature
in norm L* in the goal to use the parabolic effect on the temperature,
Moreover estimating the non linear terms depending of the temperature
in Besov spaces requires a control L* on the temperature that’s why we
need to take more regular initial data to preserve the L*° bound. For these
reasons, it seems judicious to choose the initial temperature in B %, in
consequence we have to adapt the other initial data. We can then observe
that in the general case we can not reach critical initial data for the scaling
of the system as we want that my belongs to L.

6.1. Existence of a solution in the general case with small
initial data

In this section we are interested in the general case with small initial data,
and we want get global strong solution. As we need more regular initial
data, we have to obtain new estimates in Besov spaces on the linear system
(M).
Proposition 6.1. Under conditions of proposition 4.1 with strict inequal-
ity, let (q,u,) be a solution of the system (M') on [0,T) with initial
conditions (qo,ug, o) such that:

qo € Bsfl,erl’uO c Bsfl,s,ﬂ_o c Bsfl,s'

~ ~g—34+2 o142
Moreover we suppose 1 < rqy < +oo and: F € LTT1 (BS TS +r1)

~ ~g_34+ 2 912 ~ ~g_ 342 ¢ 91 2
Lo (B2 ms 4y H e Diy(BY 2T,

, Ge
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We then have the following estimate for all r € [ry,+00]:

||qHZ77-1(§sfl+%,s+1+%) + Hu||z’9’(§sfl+%,s+%) + Hﬂ-HZ%(Esfl«k%,s«k%) S

Cllgoll go-1,001 + lluoll 5o-rs + lImoll gors + I

”(BS 3+l s—1+4+5 2 )

+ ||G||L;1(§S—3+%,s—2+%) + H H T1(~s 5+— s— 2+%))'

Proof. The proof is similar to that of proposition 4.3. Low frequencies are
treated as in proposition 4.3 because we don’t change the regularity index
for the low frequencies. On the other hand in the case of high frequencies
the regularity index has changed so that we have to adapt the proof, it
is left to the reader. For the medium frequencies we can proceed as in
proposition 4.3. U

In the following theorem we are interested in showing the global exis-
tence of solution for Korteweg’s system with general conditions and small
initial data.

Theorem 6.2. Let N > 2. Assume that ¥V be a reqular function depending
on 0. Assume that all the coefficients are smooth functions of p and 6
except k which depends only on the density. Take (p,T) such that:

k(p) >0, p(p,T) >0, X(p, T)+2u(p, T) > 0, n(p,T) > 08,P(p, T) > 0.

Moreover suppose that:
0 (= B 2 1’ 2+1’ uO (= E%il’% N%il’%
There exists an €1 depending only on the physical coefficients such that if:
lgoll 55 1 541 + lJuoll sy 1y + ol sy oy <
then (NHV) has a unique global solution (p,u,m) in:
F2 =[Cy(Ry, B2 L2y A LY Ry, B2 L 213)] x [Cy(Ry, B2 12N
N LY Ry, B2 2N [Cy(Ry, B2 ~17) N LY (Ry, B2 15 72)],

Proof. The principle of the proof is similar to the proof of theorem 2.3 and
we use the same notation. We define the map v as before with the same
F, G and H except that our coefficients depends on the density and the
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temperature. We have ti verify that ¢ maps a ball B(0, R) into itself. We
just give an example of estimates in the space F3

TﬁP'p
IR )Vl ) < C M@l o,
@Vl gy, + M anwm_l,g),

where L1 and Lo are regular function in the sense of proposition 6.5. And
we have:

1L @)Vall, zy -y, = Clldll ~ﬂ_1g)|l(J|lL1(3g+1),
[L2(m) Vel Bg 3y SOl gyl gy
Then:
MT’”;;(”) T3]Vl yy o, < Hqum ¥
17l o -1 Ml )+ Ul o gy U7l )
X ||QH (B L E sy

The end is left to the reader. Uniqueness in F' 5 goes along the same lines
of the contraction. g

6.2. Local existence theorem in the general case

In the following theorem we consider the case of local existence and unique-
ness for large data in the general case. As previously we need more regular
initial data.

Theorem 6.3. Under the hypotheses of theorem 6.2 (where we replace
systematically p(p) > 0 by p(p) > 0), we suppose that:

(g0, w0, m0) € BT a (B?)N x B* and po > ¢ for some ¢ > 0.
Then there exists a time T such that the system has a unique solution in :
Fp =[Cr(B> ) N LL(B*257%)] x [Or(BT)V N LE(B* )]

x [Cr(B?) N Lp(B272)].
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Proof. We proceed exactly like in theorem 2.6 except that we ask more
regularity for the initial data. The principle of the proof being similar to
the proof of theorem 2.6, we use the same notation. We will just give some
examples of estimates in the space Fr_,p to get uniform bound on the sequel
(¢",u™,0™), we have then:

[Po(p") + TPy (p")] V"

I | < TN o 3, 17

14 qgn Ll(Bz)_ L°032+1)
n
I e 7 BQH)(H 19" %)
(P 0" o n
—_ <
Jaiv(MLEDVO ) <O+ 17 )

0 0
<l e, 100 ) (VI ) + 1 )

The end is left to the reader. Uniqueness in F:/p goes along the same lines
of the contraction. g

6.3. Composition and commutator propositions

This part consists in one commutator lemma which enables us to conclude
in proposition 5.2. Moreover we give the proof of proposition 6.5 on the
composition of function in hybrid spaces adapted from Bahouri-Chemin
in [2].

Lemma 6.4. Let 0 < s < 1. Suppose that A € INL%(B%H) and B €
EZT(B%_1+S). Then we have the following result:

“UN 14
10614, A Bl 2) < Ca2 G NAN, s 1B,

with ) cq 0 = 1.
Proof. We have the following decomposition:
uwv =T+ T;u
where: Ty,v = 37 o7 Si—1ujv and: T;u = > 1e7 Si+2vAju. We then have:

O[A, AB = 0 Ta, A — O AT A + [Ta, Aoy B + To a\ B

(6.1)
— ATy, B.
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From now on, we will denote by (¢;);ez a sequence such that: ;. ¢; < 1.
Now we are going to treat each term of (6.1). According to the properties
of quasi-orthogonality and the definition of 7" we have:

hTnpA= Y On(Smi2BALA).
m>1—2

Next, by using Bernstein inequalities, we have:

HaleAlBAHLlT(L?) <C Y 2™(|ABl| 2 (o) | AmAll 12 (1.2,

m>[—2
<2 QHAZBHB @ 2. 2 m3 (23 +1)HAmf‘lHLQT(m))a
m>1—2
S02_Z(N/2_1+8)(2l(%_1+8)HAZBHL?T(B)) > (2m(%+1)HAmAHL2T(L2)),

m>[—2

< Ce2™ I(N/2—1+s) ||B||L2 B7—1+9)||A||Z2 (3%+1)'
T

Classic estimates on the paraproduct yield:

IT5AN 3y < CIBI v 14l

After by using the spectral localization we have:

0 ATy Ay ) < e ENBIL, Ly 1Ay v

According to the properties of orthogonality of Littlewood-Payley decom-
position we have:

[Ta, AJOkB = [Sm-14, M]AnhB .

m—1]<4
By applying Taylor formula, we obtain for € RY:
(S 14, A A0y B(z) = 27! /]R i /0 ()9S 1 VA — 2 ry))
X AR B(z — 27 ) drdy .
By an inequality of convolution we have:
11Sm—14, AJAndgBll 2 < C27Y|V Al oo || Ak Bl 2 -
So we get:

H[TA,Al]akBHLlT(L?) < Ccq2” "z 1+S)HVA”L2 Loo)”BHL2 37_1+s) .
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Finally we have:

ToaDB= > Sm_10,ANA,B.
|l—m|<4

Hence:
HTakAAlBHLlT(B) < HakAHLQT(LOC)HAZB”LQT(L2) :

And the classic estimates on the paraproduct give:

To,aDiBll, o) < O T [0Al, L 1B, e
T

The proof is complete. O

_ We give here an estimate on the composition of functions in the space
LQ(B;).
Proposition 6.5. Let s >0, p € [1,+00] and uj,ug- - ,uq € Eg(B;) N
LP(L>).
(i) Let F € W/Z[SH2OO(RN) such that F(0) = 0. Then F(uy,usg,--- ,uq) €

L (B;). More precisely, there exists a constant C' depending only on s, p,
N and F' such that:

| F (1, uzg, - ,Ud)Hsz(Bg) SC(||U1||L§9(L<>0)7'" a||ud||L§9(L°°))
x (HulHZ%(Bg) +oeet HudHZS’,(Bg))'
(ii) Let u € E%(Esl’”), s1, s3> 0 then we have F(u) € L (Esl’”) and

V() o1y < Ol e ooy 0l

(iii) If v, u € LA(BS) NLF(L®) and G € Wi (RYN) then G(u) —
G(v) belongs to L 7(B,) and there erists a constant C depending only of
s,p, N and G such that:

G () = Gz 5y < Cllullageey, el o) (1o = gy g %

(L4 llullzes (poey + [[vllLoe (poey) + v — UHL%"(LOO)(HUHZP (B3) + llvllz, (Bs)))-

(iv) If v, w € LA (B352) N L3P (L) and G € WEP®(RN) then G(u) —
G(v) belongs to L? T(Bp*2) and it exists a constant C depending only of
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s,p, N and G such that:
1G () = G)lge oy < Clllllige ooy 10l g (zoe)) (v = wllgp oo
X (L4 llullpgezoey + lollpge(zo)) + v = ullngo ooy (lullzp g1y
+||UHZ;(§;1752)))‘

The proof is an adaptation of a theorem by J.-Y. Chemin and H. Bahouri
in [2].

Proof. To show (i) we use the ‘first linéarisation’ method introduced by
Y. Meyer in [15], which amounts to write that:

F(uy,ug, - ,ug) = Y (F(Spraut, -+, Spraug) — F(Spua, -+, Spua)).
PEZL

According to Taylor formula, we have:
F(Spiiur, -+, Spr1ua) — F(Spur, -+, Spugq) = mzl)u}f +--+ mgufl
with u! = Apu; and
4 1
my, = /0 OiF (Spur + sull,- -+, Spu; + sul - -+, Spug + sul))ds.

Observe that:
[myllLee < |VF| L.

We have: A, F(uy,ug, -+ ,uq) = Azl, + AIQ, where we have decomposed the
sum into two parts:
AP =30 (Bptattm) + -+ Ayfum}))
q2p
AI()Z) = (Ap(u‘fm;) +oo 4 Ap(ugmé))
q<p—1

1 o
Now we bound HA;E) )HL%(L;}) in this way:
||A;(31)HL;(LP) < Z (Hu({HL"T(LP)”m;HL%"(LO‘J) +o HUZHLPT(LP)
q2p
1 —
< Imbllzsce)) < 3 IVF w2 gl g+ + letaly )

q>p
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with (c,) € I1(Z). Therefore, since s > 0:

> 21AP g 2oy < CIVE e (lunllzy ey + -+ Il )
PEZL

To bound HAZ(QQ)H Lo (Lv) We use the fact that the support of the Fourier
(2)

transform of Ap™ is included in the shell 2PC', so that according to Bern-
stein inequality:

182 g < D2 (Ap(udmg)lzg o + -+ + [1Ap(ugme) g zn)):
q<p—1

< CQ,p([sHl) Z (”a[sHl (U?mé)HLPT(Lp) 4+ 4 ”a[S}Jrl (ugm;)HL%(Lp)).
q<p-1

Moreover we have according to Faa-di-Bruno formula:
) 1 m
Omi = / S Ak (S (u)sut) [T O, (Sy(u)+sut))ds.
O et =k, L #0 n=1
Hence we get for all £ € N:
HakméHL%O(Loc) < Cy, 127,
with: Cy, x = C(1 + [[us]| e (r~)). We have then:
||A;(72) HLPT(LP) < C2—p([s}+1) Z Cq2q(_s+[s]+1)cu1,'" 7“d(||u1‘|Z§(Bg) +-
q<p—1
+H“d”f§(3;))'
Hence the result:

> 2p5HA§,2)||L”T(LP) < Cu17"'7ud("u1||zf%(35) bt HudHZ;(B;))-
pEZ

So the first part of the proof is complete. For proving (ii) we proceed in
the same way as before. We get:

F(u) = Z Mglq.

qEZ

And we have for p > 0: ApF(u) = A} 4+ A2 so:

/ —
18322 < D NF =27 eqllullz r.on):
q>p
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Hence by using convolution inequality:
1 /
> 228 g a2y < CIF i el zp 5or oy
p>0
After we get for all s > 0:

1821 o 2y < C27PEED S04 (mgug) | o 129,
g<p—1

< o rH) 3 galllis@)

|Uq|‘zg(§sl,s2).
q<p—1

with s(q) = s1 or s2. So we obtain:

ZQPS2||AZ2)”L£}(L2)§ Z Cqu([S}H_Sl)HUHzp(§51,32)
p>0 p>0,4<0 B

9= p([sl+1=s2) | Z 9—P([s]+1—s2) Z Cq2f1([31+1*82) (6.2)
p>0 0<qg<p—1

||u||z;(§sl,s2).

We have to choose s, so for the first term of (6.2) we just need that:
[s]+1—s2 > 0and [s]+1—s; > 0 and for the second term of (6.2) we just
have a inequality of convolution. We can take then s = 1 + max(si, s2).
We do the same for p < 0 and we have:

D2 A N nzy < D02 Y IF 27 eqllull 7, oy

p<0 p<0 q>p
/ —
+22p51 Z ||F HL°°2 qSZCqHuHZP(ESl’SQ).
p<0 p<g<0

We conclude by a inequality of convolution. And for the term Az we get:

Z 9Ps1 HA%HZP(LQ) < Z 9—p([s]+1-s1) Z cq2q([8]+1_81)HU/HZP(ESLSQ)'
p<0 p<0 g<p-1

For proving (iii) and (iv), one just has to use the following identity:
1 /
G(v) — Gu) = (v— u)/ Hu+7(v—wu))dr+ G (0)(v —u)
0

where H(w) = G (w) — G'(0), and we conclude by using (i), (i) and
proposition 3.10. Il
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